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Abstract. We study in this paper previously defined by V.N. Berestovskii and CP. Plaut 
5-homogeneous spaces in the case of Riemannian manifolds. Every such manifold has 
non-negative sectional curvature. The universal covering of any 5-homogeneous Rie- 
mannian manifolds is itself 5-homogeneous. In turn, every simply connected Riemannian 
5-homogeneous manifold is a direct metric product of an Euclidean space and compact 
simply connected indecomposable homogeneous manifolds; all factors in this product are 
itself 5-homogeneous. We find different characterizations of 5-homogeneous Riemannian 
spaces, which imply that any such space is geodesic orbit (g.o.) and every normal homoge- 
neous Riemannian manifold is 5-homogeneous. The g.o. property and the 5-homogeneity 
property are inherited by closed totally geodesic submanifolds. Then we find all possible 
candidates for compact simply connected indecomposable Riemannian 5-homogeneous 
non-normal manifolds of positive Euler characteristic and a priori inequalities for param- 
eters of the corresponding family of Riemannian 5-homogeneous metrics on them (neces- 
sarily two-parametric). We prove that there are only two families of possible candidates: 
non-normal (generalized) flag manifolds SO(2l + l) /U(l) and Sp(l) /U(l) ■ Sp(l-1), I > 2, 
investigated earlier by W. Ziller, H. Tamaru, D.V. Alekseevsky and A. Arvanitoyeorgos. 
At the end we prove that the corresponding two- parametric family of Riemannian metrics 
on SO(5)/U(2) = Sp(2) /U (1) ■ Sp(l) satisfying the above mentioned (strict!) inequali- 
ties, really generates 5-homogeneous spaces, which are not normal and are not naturally 
reductive with respect to any isometry group. 
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1. Introduction 

Historically, the assembly of homogeneous Riemannian manifolds under considerations 
has been gradually extended and about thirty years ago it included all such manifolds. 
Nevertheless, the division of them into particular classes is very important. 

We shall mention here classes, which can be characterized by some properties of their 
isometry groups with connection to their geodesies. B. Ricmann separated all manifolds 
of constant sectional curvature, which are characterized by the property of free movability 
of figures. Later E. Cartan introduced and classified all symmetric Riemannian manifolds. 
Then K. Nomizu introduced and studied naturally reductive homogeneous Riemannian man- 
ifolds which include as special cases symmetric spaces and normal homogeneous manifolds. 
The latter have non-negative sectional curvatures and include all symmetric spaces with 
nonnegative sectional curvatures. A little later A. Selberg introduced another generaliza- 
tion of symmetric spaces, namely, weakly symmetric Riemannian spaces. At last, geodesic 
orbit (g.o.) homogeneous Riemannian manifolds have been discovered. This class includes 
properly as special all previously mentioned classes, see |31) . [52] ■ Every simply connected 
Riemannian g.o. manifold of dimension < 5 is naturally reductive [31) . Riemannian g.o. 
manifolds of dimension 6, which are not naturally reductive, are classified in [31 ; for recent 
results in dimension 7 we refer to |20j . A. Selberg proved that every weakly symmetric 
Riemannian manifold M is commutative, i.e. it admits a transitive motion Lie group G such 
that the Lie algebra of G-invariant differential operators on M is commutative [35] . If G is 
connected and M — G/H, the latter is equivalent to the property that the functional space 
L 1 (H\G/H) is commutative, i.e (G,H) is a Gelfand pair, or the property that for every 
unitary irreducible representation of G, the dimension of 7J-fixed set is < 1, i.e. (G,H) is a 
spherical pair. J. Lauret obtained an example of commutative non weakly symmetric Rie- 
mannian manifold [33j . On the other hand, if (G, H) is a spherical pair with compact simple 
Lie group G and its closed subgroup H , then G/H is weakly symmetric [55]. A classification 
of such pairs is known from [32] . [36] . [5]. Let us remark that besides symmetric spaces, 
there is no complete classification of manifolds in other classes, mentioned above, although 
normal homogeneous manifolds do not require in some sense such classification. 

We prove in this paper that the previously defined in [8j (5-homogeneous spaces constitute 
in the case of Riemannian manifolds a new class of homogeneous manifolds situated between 
normal homogeneous and g.o. manifolds. These manifolds, unlike all previously mentioned 
classes, have very simple, purely metric definition, which really can be applied to any metric 
space. Namely, an arbitrary metric space (M,p) is called S -homogeneous, if for every two 
points x, y S M there is an isometry / of (M, p) onto itself, which moves x to y and has 
the maximal displacement at the point x, i.e. f(x) = y and p(x,f(x)) > p(z,f(z)) for all 
z 6 M. If we can always take such a motion / from an isometry group G of (M,p), then 
(M, p) is called G-S -homogeneous. In the Riemannian case we shall take as G only connected 
transitive Lie groups. 

The consideration and methods in this paper go from general to more and more specific. 

In Section 2 we bring main definitions, earlier results, and simple examples. In particular, 
any Lie group with a bi-invariant Riemannian metric or any direct metric product of 5- 
homogeneous spaces is 5-homogeneous. Every (5-homogeneous Riemannian manifold has 
non-negative sectional curvature (Proposition [!}. 

In Section 3 we get general results on S- homogeneous Riemannian manifolds (M,p). If 
(M, p) is G-(5-homogeneous and G normalizes a closed subgroup H of the full isometry group 
I(M) of (M, p), then the quotient (orbit) space H\M with the quotient Riemannian metric 
is (5-homogeneous (Theorem [3]) . As a corollary (jTJ) , we get that every normal homogeneous 
Riemannian manifold is (5-homogeneous. Then we prove that the universal locally isometric 
covering of (M,p) is (5-homogeneous (Corollary [2]); (M,p) is either compact or it is iso- 
metric to a direct metric product of an Euclidean space and some compact (5-homogeneous 
Riemannian manifold (Theorem [4]). Since any homogeneous Riemannian manifold (M, p) is 
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an orbit space of its universal covering (M, p) by central discrete subgroup T in the (unit) 
connected component of I(M), where T is isomorphic to m(M), then previous results im- 
ply that the study of (^-homogeneous Riemannian manifolds entirely reduces to the simply 
connected compact case. Then we get four useful necessary and sufficient conditions for 
a (homogeneous) connected Riemannian manifolds (M, p) to be ^-homogeneous; we will 
mention here two of them. First: (M = G/H,p) with the corresponding inner metric p is 
G-(5-homogeneous if and only if it is G-normal in the generalized sense (Corollary [4|. The 
latter means that there is a bi-invariant Finsler (inner) metric F on G such that the natural 
projection p : (G,F) — > (G/H,p) is submetry (see Definition [3]) . Notice that in the case 
when F is Riemannian (inner), (M,p) would be G-normal. Second: (M = G/H,p) is G-S- 
homogeneous if and only if every geodesic 7 in (M, p) is an orbit of a 1-parameter motion 
group of (M, p) in G, generated by a Killing vector field, attaining a maximal value of its 
length at 7 (Theorem [7]) . As a corollary ([6]) , every (^-homogeneous Riemannian manifold 
is geodesic orbit (g.o.). At the same time, g.o. Lobachevski's space of constant negative 
curvature cannot be (5-homogeneous by Proposition [TJ 

In Section 4 we prove that every closed totally geodesic submanifold of a (5-homogeneous 
(respectively, g.o.) Riemannian manifold is <5-homogeneous (respectively, g.o.) itself, see 
Theorcm[TT1 (respectively. fT2|) . As a corollary fTheorem[T3|). every factor of a (5-homogeneous 
or g.o. direct metric product has the same property. By all previous results, the study of all 
(5-homogeneous Riemannian spaces reduces to the compact simply connected indecomposable 
case; we can separate further the cases of zero or positive Euler characteristic. In the second 
half of the section we find some algebraic properties of geodesic vectors on a homogeneous 
Riemannian space (G/H, p), i.e. vectors in the Lie algebra g of the Lie group G, that tangent 
to a 1-parameter subgroup in G with geodesic orbit through the point H G (G/H, p). Besides 
later applications, we use them to prove that if (G/H,p) is G-(5-homogeneous and L is a 
Lie subgroup of G such that H C L C G, then L/H with the metric, induced by p, is 
^-homogeneous . 

In Section 5 we find additional isometries of ^-homogeneous Riemannian manifolds and 
find some applications of them. 

Similarly to geodesic vectors, we define a (5-vector on (G/H, p) as a vector in g that tangent 
to (the unique) right-invariant vector field Y on G with the property that the Killing vector 
field X = dp(Y) on (G/H,p) has maximal value of its length at the point H £ (G/H,p). 
Remark that every (5-vector is a geodesic vector. In Section 6 we find general properties of 
(5-vectors. We use essentially these properties later. The space (G/H, p) is G-(5-homogeneous 
if and only if every vector v S Th(G/H) can be represented in the form v = dp(w) for some 
8- vector w. 

In Section 7 we give (mainly known) results on compact simply connected homogeneous 
spaces M = G/H, in particular, Hopf-Samelson Theorem [T71 which implies that x(M) > 
and characterizes the case, when x(M) > 0, by the condition rk(G) = rk(H). Let us 
mark Theorem [20l which states that every proper Lie subalgebra t) of the Lie algebra g 
of a simple compact connected Lie group G, containing the Lie algebra t of a maximal 
torus T C G, is the Lie algebra of the unique closed connected Lie subgroup H C G. 
Moreover, M = G/H is a simply connected compact connected homogeneous space of 
positive Euler characteristic. This gives an algebraic description of all simply connected 
compact indecomposable homogeneous Riemannian manifolds (M, p) with x(M) > by the 
Kostant's Theorem l22l 

In Section 8 we give known results on compact simply connected homogeneous spaces 
of positive Euler characteristic. Also we prove Theorem 1251 which implies that every natu- 
rally reductive homogeneous Riemannian manifolds of positive Euler characteristic is normal 
(hence, (5-homogeneous). 

In Section 9 algebraic corollaries of (5-homogeneity of the first and the second order are 
found in Theorem[26l Note that the first order condition is simply the condition for geodesic 
vectors. 
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In the next sections we consider only compact simply connected homogeneous spaces of 
positive Euler characteristic. 

In Section 10 we find some algebraic identities and inequalities for 5-homogeneous mani- 
folds of one special type. As we shall prove in Section 13, any (compact simply connected) 
indecomposable 5-homogeneous non-normal Riemannian manifold (M, /u) with x(Af) > 
must have such type. Especially important are Propositions |2"T1 |2"21 and 1271 

In Section 1 1 is given necessary information on roots and structural constants of compact 
simple Lie algebras with respect to their Killing forms and Cartan subalgebras. Mark 
especially the identity (|11.17[) . 

We show in Section 12 that all G2-<5-homogeneous Riemannian metrics on homogeneous 
spaces with positive Euler characteristic are normal. 

Observe that roots of (simple compact) Lie algebras At, Di, e^, e 7 and e$ have one and 
the same length, while the roots of Lie algebra g^, Bi, Ci and fn have two different lengths. 
One knows also that the Weyl group of any simple Lie algebra acts transitively on the set of 
roots with equal lengths. With the help of these facts and the identity (I11.17P we prove in 
Section 13 that the set of G-(5-homogeneous Riemannian metrics on G/H with x(G/H) > 
and compact simple Lie group G is one- or two-parametric; we have necessarily the first 
case (that is, only G-normal metrics), if the Lie algebra g has roots of equal length, as for 
Lie groups G = SU(l + 1), SO (21), E 6 , E 7 , E a (Proposition El and Corollary EH). We shall 
have only G-normal metrics also in the case, when H = T (Proposition IT3J) . In the case of 
two-parametric family we get with the help of Proposition [57] a priori inequalities (|13.21[) 
for these parameters in Proposition IBlfl 

Further investigations of two-parametric case in Section 14 shows that possible candidates 
one can find only among flag manifolds SO(2l + l)/U(l) and Sp(l)/U(l) ■ Sp(l — 1), where 
I > 2. All invariant metrics on these manifolds are weakly symmetric (hence, g.o.) |52j . 
Moreover, among (generalized) flag manifolds only SO(2l+l)/U(l) and Sp(l)/U(l)-Sp(l—1), 
I > 2, admit non-normal invariant g.o. metrics [3]. 

Using Proposition 1211 and spectra of matrices, we prove in Section 15 that two-parametric 
family of Riemannian metrics on SO(5)/U(2), which satisfies the inequalities (|13.2ip . re- 
ally give us 50(5)-5-homogeneous spaces. The limiting cases of this inequalities represent 
50 (5)-normal and 50(6)-normal spaces respectively, while all other metrics are 50(5)- 
(5-homogeneous and non-normal (Theorem [311)1 . We are planning to investigate all other 
possible cases, mentioned in the previous paragraph, separately. 

Some unsolved questions are posed in different places of the text. 

The first author is very obliged to Mathematics Department of University of Tennessee, 
Knoxville, USA, for hospitality and visiting position while a part of this paper have been 
prepared. 

2. Preliminaries 

Definition 1. Let (X, d) be a metric space and x £ X. An isometry / : X — » X is called a 
5 (x) -translation (a Clifford- Wolf translation), if a; is a point of maximal displacement of /, 
i.e. for every y £ X the relation d(y, f(y j) < d(x, f(x j) holds (respectively, / displaces all 
points of (X, d) the same distance, i.e. d(y, f(y)) — d(x, f(x)) for every y £ X). 

Definition 2. A metric space (X, d) is called ( G) -8 -homogeneous (respectively, ( G)-Clifford- 
Wolf homogeneous), if for every x,y £ X there exists a <5(a;)-translation (respectively, 
Clifford- Wolf translation) of (X,d) (from an isometry group G), moving x to y. 

It is clear that any Clifford- Wolf translation is a f)(x)-translation for every point x £ X, 
any (G)-Clifford-Wolf homogeneous space is (G)-<5-homogeneous, and the latter one is (G)- 
homogeneous. 

Example 1. Every Lie group with a bi- invariant inner metric (G, r) and every odd-dimen- 
sional Euclidean sphere (of the unit radius) S 2n+1 C E 2 ^™ +1 ^ with the induced inner (Rie- 
mannian) metric is Clifford- Wolf homogeneous space. In the first case it is enough to use left 
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translations on some fixed element of the group. The second statement is proved essentially 
by Clifford himself, which explains the term in Definition [2] 

Example 2. One can easily see that a direct metric product of 8- (respectively, Clifford- 
Wolf) homogeneous spaces is again 8- (respectively, Clifford- Wolf) homogeneous. 

In the paper [8] the following results are obtained. 

Theorem 1 (Berestovskii-Plaut 8 ). Every locally compact 8 -homogeneous space of curva- 
ture bounded below in the sense of Alexandrov has non-negative curvature. 

Theorem 2 (Berestovskii-Plaut [5]). Every non- compact locally compact homogeneous inner 
metric space of non-negative curvature in the sense of Alexandrov is isometric to a direct 
metric product of finite dimensional Euclidean space and a compact homogeneous inner 
metric space of non-negative curvature. 

Remark 1. In the Riemannian case, the last theorem easily follows from Toponogov's theo- 
rem in [44j , which states that every complete Riemannian manifold (M, p) with nonnegative 
sectional curvature, containing a metric line, is isometric to a direct Riemannian product 
(N, v) x R. Later J. Cheeger and D. Gromoll in [T7] generalized Toponogov's theorem to 
complete Riemannian manifolds of nonnegative Ricci curvature. 

If (M,/j,) is a Riemannian manifold with inner metric p, then Theorem [1] implies 

Proposition 1. Every 8 -homogeneous Riemannian manifold (M,p) has non-negative sec- 
tional curvature. 

Definition 3. A map of metric spaces / : (M, r) — > (N, q) is called a submetry, if it maps 
every closed ball B(x,s) c (M, r) with the radius s and the center x onto the closed ball 
B(f(x), s) C (N,q) with the radius s and the center f(x), [9]. 

Note that a smooth map of complete Riemannian spaces is submetry if and only if it is 
a Riemannian submersion [9] . 

Definition 4. A locally compact inner metric (respectively, Riemannian) space (M — 
G/H,p) with a transitive locally compact topological (respectively, Lie) group G and a 
stabilizer subgroup H at a point x G M is called G -normal in generalized (respectively, 
usual) sense, if G admits a bi-invariant (respectively, Riemannian bi-invariant) inner metric 
r such that the natural projection (G, r) — > (G/H, p) is a submetry. 

3. General properties of <5-homogeneous spaces 

Definition 5. An inner metric space (M,p) is called restrictively (G)-8 -homogeneous (re- 
spectively, restrictively (G)- Clifford- Wolf homogeneous) if for every x € M there exists a 
number r{x) > such that for every two points y, z in the open ball U(x, r{x)) there exists 
a <5(?/)-translation (respectively, a Clifford- Wolf translation) of the space (M,p) (from the 
isometry group G), moving y to z. The supremum R(x) of all such numbers r(x) is called 
the (G) -8 -homogeneity radius (respectively, the (G)- Clifford- Wolf homogeneity radius) of the 
space (M, p) at the point x. 

Proposition 2. Every restrictively (G) -8 -homogeneous locally compact complete inner met- 
ric space is (G) -8 -homogeneous. 

Proof. It is clear that (in the notation of Definition [5]) the function R(x), x € M, is equal 
identically to +oo, i.e. the space (M,p) is (G)-J-homogeneous, or it satisfies the inequality 
\R(xx) — R{x2)\ < p{x\,X2). In the last case the function R(x), x £ M, is positive and 
continuous. 

Let us consider arbitrary points x,y of a metric space (M,p), and suppose that this 
space satisfies the above-stated condition. Then one can join the points x and y by some 
shortest [x,y]. According to the above discussion, one can divide sequentially this shortest 
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by points xq — x, x\, . . . , x m — y such that for every I, where < I < m — 1, there exists 
a i5(x/)-translation // of the space (M,p) (from the group G), moving the point xi to the 
point xi + i. Now the triangle inequality implies that the composition / := /„,_i o ■ • • o / is 
a <5(a;)-translation of the space (M, p) (from the group G), moving the point x to the point 
V- ■ 

Theorem 3. Let (M,r) be a locally compact inner metric space which is G -8 -homogeneous. 
Suppose that the group G normalizes some closed subgroup H of the full isometry group 
Isom(M) of M (supplied by the compact-open topology). Then the quotient (orbit) space 
H\M with the quotient metric p is a (G) -6 -homogeneous (locally compact inner metric) 
space. 

Proof. According to S.E. Cohn-Vossen theorem [18], every complete locally compact 
inner metric space is finitely-compact, i.e., every its closed bounded subset is compact. It 
is proved in the paper [B] that any closed subgroup of the full isometry group (with the 
compact-open topology) of arbitrary finitely-compact space has closed orbits. This implies 
that the group H has closed orbits in M. 

On the ground of this fact it is easy to prove that the canonical projection p : (M, r) — » 
(H\M, p) is a submetry. This is equivalent to the following two properties: 

1) the map p does not increase distances; 

2) for every three points x, y € H\M, £ E p^ 1 (x), there exists a point rj 6 P^ 1 (y) such 
that r(£,i7) = p(x,y). 

Now let us consider arbitrary points x,y € H\M and the corresponding points from 
Property 2). By condition there is a 5(£)-translation F of the space (M, r) from the group 
G such that F(£) = r\. Since the group G normalizes the group H, there is an isometry / 
of the space (H\M,p), induced by the isometry F. Moreover, f[x) = p(F(£)) — p(n) = y. 
Now for any point z = p(C) £ H\M Properties 1) and 2) imply the relations 

p{x, f(x)) = p{x, y) = r(£, 77) - r(£, > 
r((,F(())> p(p((),p(F (()))= p(z,f(z)), 
i.e. / is a <5(x)-translation of the space (H\M, p) moving the point x to the point y. 
Therefore, the space (H\M,p) is G-(5-homogeneous. ■ 

Corollary 1. Every (G)-normal in the generalized sense homogeneous locally compact in- 
ner metric space is (G) -5 -homogeneous. As a corollary, any (G)-normal (maybe, in the 
generalized sense) homogeneous Riemannian manifold is (G) -5 -homogeneous. 

Proof. Let a (G)-normal (in the generalized sense) homogeneous space under considera- 
tion be a (metric) quotient space (G/H, p) of a locally compact topological group (G, r) with 
a bi- invariant inner metric r by its compact subgroup H . Then the group of left transla- 
tions of the group (G, r) is a transitive group of Clifford- Wolf translations, and it commutes 
with the group of right translations by elements of the subgroup H which consists of some 
isometries of the space (G,r). Now it is enough to use Theorem [3] ■ 

Proposition 3. The universal locally isometric covering of a S -homogeneous (respectively, 
a restrictively Clifford- Wolf homogeneous) Busemann's G -space is a b -homogeneous (respec- 
tively, a restrictively Clifford-Wolf homogeneous) Busemann's G -space. 

Proof. Busemann's G-spaces are defined in his book [16] . 

Let p : (M, p) — > [M, p) be the universal locally isometric covering map for a (5-homogeneous 
(respectively, a restrictively Clifford- Wolf homogeneous) Busemann's G-space (M,p). It is 
clear that (M,p) is a Busemann's G-space. By Theorem 28.10 in [TB], the group G of all 
motions of the space (M,p), which cover motions of the space (Af, p), is transitive on M, 
and the group T of deck transformations of the covering p is a normal subgroup of the group 
G. Therefore, there is a number r > such that the map p is isometry on every open ball 
U(x,r) C (M,p) . 
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According to Proposition El it is enough to show that the space (M, p) is restrictively 
(5-homogeneous (respectively, restrictively Clifford- Wolf homogeneous). Consider arbitrary 
points x, y in [M, p) with the condition p[x, y) < r. Since (M, p) is ^-homogeneous (respec- 
tively, restrictively Clifford- Wolf homogeneous) , there is a (5(p(x))-translation (respectively, 
a Clifford- Wolf translation) / of the space (M, p) such that f(p(x)) — p(y). From the above 
discussion we get that there is the unique map F of the space (M, p) onto itself covering the 
map / such that F(x) — y. It is clear that F is an isometry of the space (M, p) and also a 
5(x)-translation (respectively, a Clifford- Wolf translation). This means that the space (M, p) 
is restrictively (5-homogeneous (respectively, restrictively Clifford- Wolf homogeneous) . ■ 

Corollary 2. The universal Riemannian covering of a S -homogeneous (respectively, a re- 
strictively Clifford-Wolf homogeneous) Riemannian manifold is 5-homogeneous (respectively, 
restrictively Clifford-Wolf homogeneous). 

Lemma 1. Suppose that the Riemannian manifold (M,p) is isometric to the direct metric 
product (K,p\) x (E m ,/i2), where (K,pi) is a compact homogeneous Riemannian manifold, 
and (E m ,/i2) is a finite dimensional Euclidean space. Then every isometry f of the space 
(M,p) has the form f = fx x f 2 , where f\ (respectively, f 2 ) is an isometry of the space 
(K,p,i) (respectively, (E m ,/i2)J- 

Proof. It is easy to see that a geodesic in (M, p) is a metric line if and only if it is 
situated in some Euclidean subspace {k} x E m . Therefore, any isometry / of the space 
(M, p) transposes such subspaces. Since / keeps the orthogonality, / must transpose also 
all fibers of the form K x {e}. This proves Lemma. ■ 

Lemma 2. If M — Mi x M 2 is a direct product of Riemannian manifolds, then every its 
isometry of the form f = f\ x f 2 is a 6 (x) -translation for the point x — (x%, x%) € M if and 
only if both isometries f\ : M\ — > M\ and f% : M2 — > M2 are 6 -translations at the points 
Xi G Mi and X2 G M2 respectively. 

Proof. Let us remind that 

p((xi,x 2 ), (2/1,3/2)) = \l p\{xi,yi) + pl{x2,y2), 

where p, pi, P2 are inner metrics of spaces M, Mi, M2 respectively. This easily implies 
the sufficiency. Suppose that / = fi x f 2 is a (5-translation of the space M at the point 
x = (xi,X2), but, for instance, /1 is not a ^-translation at the point x\. Then there is a 
point x\ such that pi(x\, fi(x[)) > pi(xi, fi(xi)). Therefore, 

p((xi,x 2 ),f{xi,X2)) = \J pi(xi, fi(xi)) +pl(x 2 , h(x 2 )) < 

\J Pl(x'i, fi{x'i)) + pl{x 2 , h{x2)) = p({x'i,x 2 ),f(x'i,x 2 )), 
which contradicts to assumptions of Lemma. ■ 

Theorem 4. Any 6 -homogeneous Riemannian manifold [M, g) is either compact, or it is 
isometric to the direct metric product of an Euclidean space and some compact 8 -homogeneous 
Riemannian manifold. 

Proof. This theorem immediately follows from Proposition [1] Theorem [2l Lemma [T] and 
Lemma El ■ 

From Theorem |4] and Proposition [3] we immediately obtain 

Corollary 3. The universal Riemannian covering (M, p) of a 6 '-homogeneous compact Rie- 
mannian manifold (M,p) is compact if and only if tti(M) is finite. In the opposite case 
(M, fi) is isometric to a nontrivial direct metric product of a compact simply connected 
8-homogeneous Riemannian space and an Euclidean space. 
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Theorem 5. A homogeneous space M = G/H of a connected Lie group G by its compact 
subgroup H admits an invariant Riemannian 8 -homogeneous metric if and only if G/H 
admits an invariant Riemannian metric of non-negative sectional curvature. 

Proof. The necessity follows from Proposition Q] 

Let us prove the sufficiency. Suppose that M = G/H admits an invariant Riemannian 
metric fx of non-negative sectional curvature. 

If M is compact, then the Lie group G is compact and it admits a bi- invariant Riemannian 
metric 7. Then there is an unique Riemannian metric v on M such that the canonical 
projecture p : (G, 7) — > (M, v) is a Riemannian submersion. Moreover, v is invariant 
on G/H, and (G/H, v) is a G-normal homogeneous Riemannian manifold. According to 
Corollary [IJ (G/H,v) is a ^-homogeneous space. 

Suppose, that M is noncompact. Then by Theorem [21 all assumptions of Lemma [T] are 
fulfilled, moreover, (A, /ii) has non- negative sectional curvature. Therefore, the Lemma [J 
is valid. Obviously, the set of all isometries of the type {/i|/ = (/i,/2) G G} forms a 
precompact transitive isometry group G\ of the compact space (A,/ii) (relatively to the 
compact-open topology) with the closure Ti := G\, which is a compact effective transitive 
isometry Lie group of the space (A, fix). Consequently, the manifold K admits a Li-invariant 
Riemannian metric 71 such that (A", 71) is a normal homogeneous space of the Lie group 
T\. According to Corollary [IJ (A, 71) is a ^-homogeneous space. The last reasonings imply 
that the Riemannian metric <?o = 7i x t p 2 on M is invariant under the action of the group 
G. In this case the Riemannian manifold (M,po) = (A, 71) x {E m : p 2 ) is a <5-homogeneous 
space as a direct metric product of <5-homogeneous spaces. ■ 

Theorem 6. Let (M,n) be a smooth connected compact Riemannian manifold with inner 
metric p, and G be the identity component of the full isometry group of (M, ji) . Then the 
function d : G x G — > R defined by the formula 

d(g, h) = maxp(g(x), h(x)), (3.1) 

determines a bi-invariant metric on G compatible with its compact-open topology. In this 
case (G, d) is locally isometric to (G, D) for some bi-invariant inner metric D on G. Under 
identification of the Lie algebra G e of the group G with the Lie algebra of Killing vector 
fields on (M,fi), D coincides with the bi-invariant Finsler metric on G, determined by the 
Ad(G) -invariant norm || • || on G e , defined by the formula 

\\X\\=max^/tJL(X(x),X(x)). (3.2) 

Proof. One can check directly the bi-invariance of the metric d. The compactness 
of (M, p) implies the compactness of the Lie group G. Then, since G is connected, the 
exponential map of the Lie algebra G e to G is surjective. 

Let g e be arbitrary element in G. Then g = exp(A) for some suitable Killing vector 
field X on (M,fj,). Let 

||X|| = max y/ fi(X(x), X(x)) = y/»(X(y),X(y)). 

According to Proposition 5.7 of Chapter VI in [28], the curve 7(f) = exp(tX)(y), < t < 1, 
is a segment of a geodesic in (M,p) with the length ||A||. It is known that for any other 
point x € M the curve exp(tX)(x), < t < 1, is parameterized proportionally to the 
arc-length with the coefficient of proportionality \J p(X(x), X(x)), which does not exceed 
\\X\\. Therefore, the length of any arc of the second curve does not exceed the length of the 
corresponding arc of the geodesic 7. 

The injectivity radius of the compact smooth manifold (M, fi) is bounded below by some 
number r > 0. If < s||A|| < r; t, s E [0,1], then it implies that for g(s) = exp(sA), 
g(t) — exp(iA), the point j(t) is the point of maximal displacement on (M,p) for the 
motion g(s), since p(g(s)(^(t)),j(t)) = s\\X\ \ according to equalities 

s(*)(7(*)) = g(s)(g(t){y)) = g{* + t){ y ) = 7 ( a + 1). 
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Hence, d(g(t),g(t + s)) — s\\X\\, the length of the curve g(t), < t < 1, in (G,d) equals 
to \\X\\. Therefore, one can join any two point in (G,d) by a curve of finite length (with 
respect to the metric d) . Let D be the inner metric corresponding to d. 

There exists a positive number s such that exp : g — > G is a homeomorphism of some 
open subset V of g, containing the zero, onto the open ball U(e, Sq) with the radius s i n 
(G,d). Then the above reasonings imply that the curve g(t), < t < 1, is a geodesic in 
(G, D), and D(g, h) = d(g, h), if d(g, h) < min(r, s). Also, d < D. 

From the above calculations of the length of the geodesic g(t) = cxp(tX), < t < 1, in 
(G,D), it is clear that D is the bi- invariant Finsler (inner) metric on G determined by the 
Ad(G)-invariant norm || • || on G e , which defined by the formula (|3.2[) . It is easy to check 
that this formula defines some norm on G e . ■ 

Question 1. Whether the metrics d and D coincide on G? 

Theorem 7. Let (M, /i) be a compact homogeneous Riemannian manifold. Then there exists 
a positive number s > such that for arbitrary motion f of the space (M, g) with maximal 
displacement 5, which is less than s, there is unique Killing vector field X on (M,g) such 
that max^gAf y/ p,(X(x), X(x)) — 1 and 7x(<5) = f , where jx{t), t £ R is the one-parameter 
motion group in (M,g) generated by the field X. If also f is a Clifford- Wolf translation, 
then the Killing field X has constant unit length on (M, p.) . 

Proof. Let us supply the identity component G of the full isometry group of (M, g) with 
the bi- invariant metric d as in Theorem There is sufficiently small number s > (which 
we can suppose smaller than the injectivity radius r of the manifold (M,p)) such that the 
exponential map exp : g — > G is a homeomorphism of some neighborhood V of the zero in 
g onto an open ball U(e,s) in (G, d). Then for every motion / of the space (M, /i) with the 
condition d(f, e) = 5 < s there exists the unique vector Y € V such that exp(F) = /. It 
was shown in the proof of Theorem [5] that for all such motions / we have D(f, e) = d(f, e). 
This common value is equal also to the length of the path exp(ry), < r < 1, which joins 
elements e and /, with respect to the bi-invariant norm || • || on TG from Theorem [6j and 
to the length \ \Y\\. By the definition, ||Y|| = max lE M y / /i(Y(x), Y{x)). Now it is clear that 
X = (1/6) Y is an desired vector. The uniqueness of X follows from the above arguments. 

Let us suppose also that / is a Clifford- Wolf translation. By the above construction we 
have 

||X|| = 1 = max^n(X(x),X(x)) = ^^(X( Xl ), X(xi)) (3.3) 
for some point x\ £ M. We state that 

yJ»(X(x),X(x)) = l. 

Indeed, in the opposite case there would be a point xq £ M such that y / fi(X(xo), X(xq)) — 
e < 1. Then the path c(t) = exjp(tX)(xo), < t < 5, joins the point xo with the point f(xo) 
and has the length Se. Therefore, 

p(x , f(%o)) <6e<5 = p{x 1 J{x 1 )), 

because, according to the condition (|3.3p , the orbit of the point x\ under the action of the 
one-parameter group exp(tX), t £ R, is a geodesic [28] . and S < r. But this contradicts to 
the fact that / is a Clifford- Wolf translation. ■ 

Theorem 8. Let (M,[i) be a compact connected (G) -5 -homogeneous Riemannian manifold 
with inner metric p, and let G be a closed connected (Lie) subgroup of the full isometry group 
of (M, p), supplied by the bi-invariant inner metric D as in Theorem^ (more exactly, by it's 
restriction to G). Then D is an inner bi-invariant metric on G. Let us fix a point Xq £ M 
and define a projection p : G — * M by the formula p(g) — g(xo) such that under usual 
identification of M with G/H, where H is the stabilizer of G at the point xq, p coincides 
with the canonical projection p : G — > G/H. Then the map p : (G,D) — > (M,p) is a 
submetry. 
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Proof. The first statement easily follows from arguments in the last two paragraphs in 
the proof of Theorem [6l applied to G. 

Now it is enough to check the properties 1) and 2) from the proof of Theorem [3] 

1) Let g, heG. Then 

P(p(g),p( h )) = p(g(xo),h(x )) < max p(g(x),h(x)) =d{g,h) < D(g,h), 

i.e. p does not increase distances. 

2) Consider any points x, y in M and put p(x, y) = a. Let us choose arbitrary shortest K 
in (M,p) joining points x and y; consider a geodesic 7(s), s £ R, in (M,p) parameterized 
by the arc-length such that 7(0) = x, 7(a) = y and 7(3) G K, < s < a. Since (M, p) 
is G-5-homogeneous, there is (5(ir)-translation g t G G of (M,p), moving the point x to 
the point 7(i),0 < t < a. Now if t is small enough, then by Theorems [5] and [71 there is 
an one-parameter group of motions g(s) = 7x(s) G G, s G K, such that <?(t) = g t and 
max^M s /p(X(y),X(y)) = ^p(X(x), Xjxfj. Then g(s)(x) = j(s),s G K. 

Therefore, D(e = g(0),g(s)) = d(e,g(s)) = s for < s < a. Suppose that p{h) — h(xo) = 
x for some element ft. G G. Then 

V = 7(a) = g(a)(x) = g(a)(h(x )) = p{g(a)h) 

and 

D(h,g(a)h) = D(e,g(a)) =a = p(x,y). 

■ 

On the ground of Corollary Q] and Theorem [8] we obtain 

Corollary 4. A compact connected Riemannian manifold is (G) -5 -homogeneous if and only 
if it is (G)-normal in the generalized sense. 

Let us consider a compact Riemannian homogeneous manifold (G/H,p), some Ad(G)- 
invariant inner product (•, •) on the Lie algebra 9 of the group G, the corresponding (•, •)- 
orthogonal direct sum decomposition g = f) © p (f) is the Lie algebra of H), and Ad(H)- 
invariant inner product (•, •) on p which defines the Riemannian metric p. Then we can state 
the previous corollary as follows: 

Theorem 9. A compact Riemannian manifold (G/H,p) is G -5 -homogeneous for Lie group 
G if and only if there exists an Ad(G) -invariant centrally symmetric (relative to zero) convex 
body B in q such that 

P{B) = {v G p| (v,v) < 1}, 
where P : g — > p is (■, -)-orthogonal projection. One can take C = {w G g | \\w\\ < 1} as B. 

Corollary 5. The vector space p and the inner product (•, •) are invariant under Ad(NG(Ho)). 
where Ng(Hq) is the normalizer of the connected unit component Hq of H in G. 

Proof. Evidently, t) is Ad(NG(Ho))-'mva.ri&nt. Then p is also Ad(A'c(i7o))-i nv a r i an t, 
because (•, •) is Ad(G)-invariant. Now the Ad(7V(3(-ffo))-i nv a r ia n ce of (•, •) follows from 
Theorem [9l ■ 

Remark 2. It follows from Theorems l8l and l30l that in general case the metric D on G is 
not Riemannian even in the case when (M, p) is a <5-homogeneous Riemannian manifold. 
This is the reason for the words " in the generalized sense" in the statement of Theorem HI 

Theorem 10. A Riemannian manifold (M,p) is (G) -5 -homogeneous if and only if any of 
two following conditions are satisfied: 

1) For every tangent vector v G M x , where x is any point in M, there is a Killing vector 
field X (in the Lie algebra RG of right- invariant vector fields on the Lie group G) on M 
such that X(x) = v and p(X(x), X(x)) — max 9£ M ^(Xiy), X(y)). 

2) Every geodesic 7 in M is an orbit of a 1-parameter motion group of M (in G) generated 
by a Killing vector field, attaining a maximal value of its length on 7. 
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Proof. Let us remark at first that we can suggest that the vector v in the condition f ) 
is non-zero; then the condition 2) implies condition 1), while the condition 2) follows from 
the condition 1) and Proposition 5.7 of the chapter VI in [35], which states that an integral 
trajectory of a Killing vector field X on M, going through a point x € M, is a geodesic, if 
a; is a critical value of the function p(X, X) and X(x) ^ 0. 

Let suppose that (M, p) is ^-homogeneous. Then Theorems [7] and 0] immediately imply 
the condition 2). 

Sufficiency of 2). It's clear that the condition 2) implies that M is (G)-homogeneous. 
Then there is a constant r > such that Radinj(M) > r. Let x,y € M and p(x,y) — 
t < r. Then there is unique geodesic j(s), s € R, parameterized by arc length such that 
7(0) = x,j(t) = y. By the condition, 7(5) = g(s)(x), where g(s),s £ R, is a 1-parameter 
motion group of M (in G), generated by a Killing vector field X, such that p,(X(x), X(x)) — 
max z£ M fi(X(z), X(z)). Then it is clear that for every z G X, p(x,y) — p{x, g(t){x)) > 
p(z,g(t)(z)). We proved that M is restrictively (G)-<5-homogeneous. Hence M is (G)-6- 
homogeneous by Proposition [2] ■ 

Definition 6. A Riemannian manifold (M, p) is called (G)-geodesic orbit ((G)-g.o.), if every 
geodesic in M is an orbit of a one-parameter isometry subgroup (in G). 

More extensive information on geodesic orbit manifolds (or geodesic orbit spaces by an- 
other terminology) one can find e.g. in [4] l3T ] 142 ] 143 ] [52] . 

Corollary 6. Every (G) -8 -homogeneous Riemannian manifold is (G)-geodesic orbit ((G)- 
g.o.) manifold. 

4. Totally geodesic submanifolds 

In this section we investigate some totally geodesic submanifolds of ^-homogeneous and 
g.o. Riemannian manifolds. 

Proposition 4 (Theorem 8.9 of Chapter VII in [28 ). Let M be a Riemannian manifold, 
N is its totally geodesic submanifold, X is a Killing field on M . Consider a smooth vector 
field X on N, with is tangent (with respect to N) component of the field X. Then X is a 
Killing field on the Riemannian manifold N . 

In [35J this proposition is used to prove that every closed totally geodesic submanifold of 
a homogeneous Riemannian manifold is homogeneous itself (Corollary 8.10 of Chapter VII 
in [55]). Here we give some refinement of this classical result. 

Theorem 11. Every closed totally geodesic submanifold of a 6 -homogeneous Riemannian 
manifold is S -homogeneous itself. 

Proof. Let N be a closed totally geodesic submanifold of a 5-homogeneous Riemannian 
manifold M. Since M is homogeneous, it is complete. Since N is closed submanifold of M, 
it is complete too. Let U 7^ be a tangent vector at some point x E N. By Theorem [TU] 
to prove the ^-homogeneity of N it is enough to show that there is a Killing field Y on N, 
whose value at the point x is U , and the maximal value of the length of Y is attained at the 
point x. 

Since M is (^-homogeneous Riemannian manifold, there is a Killing field X on M such 
that its value at the point x is U, and the maximal value of its length is attained at the point 
x. Now as a required Killing field Y we can take X, the tangent component of the field X 
to N. According to Proposition 2] this field is Killing on N and X(x) — X(x) obviously. 
Since at the point x the length of the field X is maximal among all points y € M , then x 
is a point of maximal value for the length of the field X (the length of the field X does not 
exceed the length of the field X at all points of the manifold N). Theorem is proved. ■ 

Corollary 7. Every closed totally geodesic submanifold of a normal homogeneous Riemann- 
ian manifold is S -homogeneous. 
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Remark 3. Let M be a Riemannian manifold, F is some set of its isometries. Then every 
connected component of the set of points of M, which are hxed under every isometry in F, 
is a closed totally geodesic submanifold of M. By the same manner, if K is some set of 
Killing fields on M, then every connected component of the set of points of M, which are 
zeros for every Killing field in K, is a closed totally geodesic submanifold of M [28] . 

Theorem 12. Every closed totally geodesic submanifold of geodesic orbit (g.o.) Riemannian 
manifold is geodesic orbit itself. 

Proof. Let N be a closed totally geodesic submanifold of a geodesic orbit Riemannian 
manifold M. It is clear that M and N are complete. Let U ^ be a tangent vector at some 
point x € M. It is enough to prove that there is a Killing field Y on TV with the following 
properties: 

1) the value Y at the point x is U; 

2) £ is a critical point of the length of the field Y on N. 

Indeed, in this case a geodesic passing through x in the direction U is an orbit of an 
one-dimensional motion group generated by the Killing field Y (this one-parameter group 
is correctly defined because of the completeness of N) . 

Since M is a geodesic orbit Riemannian manifold, there is a Killing field X on M, whose 
value at the point x is U, and such that a; is a critical point of the length of the field X. 
Now as a required Killing field Y one can consider X, the tangent component of the field X 
to N. According to Proposition |4j it is a Killing field on TV, and, moreover, X{x) = X(x). 

Now we need to prove only that X is a critical point of the length of the field X on N. 
Let Z = X — X be the normal component of the field X on the manifold N, and let g be 
the metric tensor on M. It is clear that 

g(X,X)=g(X,X)-g(Z, Z). 

The point a; is a zero point for g(Z, Z), therefore, a; is a point of the minimal value of g(Z, Z) 
on N. Consequently, a; is a critical point both to the function g(X,X) and to the function 
g(Z, Z) on the manifold N . But in this case X is a critical point for the function g(X, X) 
also. Therefore, x is a critical point of the length of the field X (since X(x) = U ^ 0). 
Theorem is proved. ■ 

According to Lemma [2] the metric product of (S-homogeneous spaces is ^-homogeneous 
itself. In the Riemannian case we have the conversion to this statement: 

Theorem 13. Let M = Mq x Mi x • • • x Mk be a direct metric decomposition of a 8- 
homogeneous ( respectively, g. o.) Riemannian manifold M with the maximal Euclidean factor 
Mq- Then all factors of this product are 8 -homogeneous (respectively, g.o.). If M is 8- 
homogeneous, then Mi are compact for i ^ 0. Besides, an isometry f = fo X • • • X fk of the 
manifold M, which is a product of 8 -translations, is a 8 -translation itself. 

Proof. Since every fiber of the product under consideration is a complete totally geodesic 
submanifold, then according to Theorem ITTI (Theorem [T2|) . all factors are 8- homogeneous 
(respectively, g.o.), which proves the first statement. The second statement follows from the 
maximality of the Euclidean factor Mq, Proposition [1] and Theorem [5] The last statement 
of Theorem follows from Lemma [2] ■ 

Since every g.o. (in particular, every (5-homogeneous) Rimannian manifold is homoge- 
neous, it is useful to remind an algebraic description of homogeneous Riemannian manifolds. 
Let (M, fi) be a homogeneous Riemannian manifold with a closed connected transitive isom- 
etry group G, and H is its isotropy subgroup at a given point x G M. Then M is naturally 
identified with the coset space G/H. Consider the Lie algebras t) and g, t) C 9, of the groups 
G and H. It is possible to choose some Ad(-ff)-invariant complement p to f) in g, which 
could be identified with the tangent space M x of (M,/j) at the point x. In this case the 
homogeneous Riemannian metric \i is identified with some Ad(-ff)-invariant inner product 
(•, •) on p, whereas g is identified with the Lie algebra of Killing vector fields on (M, \i) (see 
details in [12], Chapter VII). 
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Remark 4. If M is compact, then G is compact too, therefore, there exists some Ad(G)- 
invariant inner product (•, •) on the Lie algebra g of the group G. In this case as p we can 
consider a (•,•) -orthogonal complement to f) in g. Note also that restrictions of (•, •) and 
(•, ■) to any Ad(_ff )-invariant and Ad(_ff)-irreducible submodule q C p are proportional one 
to another. 

Let (M = G/H,/j.) be a homogeneous Riemannian manifolds with a closed connected 
transitive isometry group G, which is generated by some Ad(-ff)-invariant inner product 
(•, •) on p in the above notation. For Killing fields A, Y £ p we have the following equality: 



for any Z £ p |T2] . In [3] it is proved the following (compare with |3B], Theorem 4.1) 

Proposition 5 ([3]). Let (M = G/H,/!) be any homogeneous Riemannian manifold and T 
be any torus in H, G(T) is its centralizer in G. Then the orbit Mt = C{T)(x) is a totally 
geodesic submanifold of (M, /J,) . 

Proof. It is easy to get that the Lie subalgebra [ of C{T) in g has the form [ = { © q, 
where q = {A £ p | [A, t] = 0}, t = {X £ f) | [X, t] = 0}, t C f is the Lie algebra of T. 

According to (|4.4|) , to prove Proposition we need to show that U (X, Y) £ q for any 
X, Y £ q. Let W £ p, Z £ t, then 

2([Z, U(X, Y)], W) = -2(U(X, Y), [Z, W]) = -([[Z, W], X] p , Y) - (X, [[Z, W],Y] P ) = 

([[W, X],Z] p ,Y) + (X, [[W, Y],Z] V ) = ([W, X] p , [Z, Y]) + ([Z, X], [W, Y] p ) = 0. 

Since W £ p may be chosen arbitrary, we have [Z, U(X, Y)] — for any Z £ t. This means 
that U(X,Y) £ q. ■ 

Remark 5. If T is a maximal torus in H, then subalgebra 6 = t is a part of the center of Lie 
algebra I. Therefore, in this case q is the Lie algebra of some subgroup Q C G. Moreover, 
we can consider Mt as an orbit of Q through the point x £ M . 

Now we consider some properties of g.o. manifolds. If we represent a homogeneous 
Riemannian metric /i on M = G/H as a suitable Ad(_ff )-invariant inner product (•, •) on 
p in the above notation, we can consider a useful notion of geodesic vectors on [M, /i) . A 
vector X + Y, where Y £ p and Y £ f), is called geodesic, if the orbit of one-parameter 
group generated by the Killing field X + Y is a geodesic of (M,g), passing through the 
point x £ M with stabilizer group H in the direction X. It is clear that a homogeneous 
Riemannian manifold (G/H = M, /i) is G-g.o. manifold if and only if for any X £ p there 
is Y £ t) such that the vector X + Y is geodesic. It is well known the following criterion for 
geodesic vectors (see e.g. [31]). 

Proposition 6. A vector X + Y. where X £ p and Y £ \), is geodesic if and only if for 
every V £ p the equality ([X + Y, V] p , X) = holds. 

Proposition 7. Let (G/7?,/i) be a G-g.o. -space. For any X £ p and Y £ t) such that X + Y 
is geodesic vector we have the equality U(X,X) = [X,Y], where U is defined by \4-5\ ). 

Proof. For the geodesic vector X + Y we have the equality 



X7 x Y(x) =--[X,Y] p + U(X,Y), 



(4.4) 




(4.5) 



= (A, [V,X + Y} p ) = (A, [V, X] p ) + (A, [V,Y]) = (X, [V,X] P ) + ([Y, X],V) 



(U(X,X) + [Y,X],V) 
for every V £ p. Therefore, U(X, A) = [A, Y] . ■ 
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Definition 7. A homogeneous Riemannian manifold (M, /x) is called (G)-naturally reduc- 
tive, if there exist a connected Lie subgroup G C Isom(M), acting transitively and effectively 
on M and a Ad(_ff)-invariant decomposition g = f) © p, where f) is the Lie algebra of the 
isotropy subgroup H C G at some point in x £ M, such that one of the following equivalent 
statements holds: 

(1) every geodesic in M through the point x is an orbit of a one-parameter subgroup in 
G, generated by some Asp; 

(2) fi([Z, X] P ,Y) + n(X, [Z, Y] p ) = for all A, Y, Z £ p (in other words, U = 0). 

We obviously get from Proposition [7] 

Corollary 8. Let (G/H,[i) be a G-g.o. -space. If for any Asp there is some Z G fj such 
that A + Z is geodesic vector and [Z,X] — 0, then (G/H,n) is G-naturally reductive. 

Now we get some simple general remarks. 

Proposition 8. Let (G/H, pi) be a G-g.o. -space. Consider any Ad(H) -invariant submodule 
q C p. Then for every A, Y G q we have U(X, Y) £ q. 



Proof. Consider some geodesic vectors X + Z\, Y + Z2, X + Y + Z3, where A, Y £ q 
and Zi G h We get from Proposition that U(X, A) = [A, Zi] C q, C/(F,F) = [A, Z 2 ] C q, 
[/(A + Y, X + Y) = [X + Y, Z 3 ] C q. Therefore, 2U(X, Y) = U(X + Y, X + Y) - U(X, A) - 
U(Y,Y)eq. m 



Proposition 9. Let (G/H,fi) be a G-g.o. manifold (G -6 -homogeneous manifold), and L 
is a Lie subgroup of G such that H C L C G. Then the orbit of the group L through the 
point x in G/H is a totally geodesic submanifold of (G/H,fi). In particular, L/H with the 
metric, induced by [i, is g.o. space (respectively, 6 -homogeneous space). 

Proof. Let I be a Lie algebra of L. Consider the decomposition [ = f) © q, where 
q = p n L Then the module q C p is Ad(_ff)-invariant. According to Proposition [5] we 
have U(X,Y) £ q for every A, Y G q. On the other hand, for every A, Y e q we have 
[X,Y] G I = f) © q. Therefore, by ([4~4]) we get V x Y(x) C q for any X,Y G q. This means 
that the homogeneous submanifold L/H (with the induced metric) is totally geodesic in 
(G/H,/j,). The last statement follows from Theorem [T2l (respectively. fTTjl . ■ 

At the end of this section we note one special property of compact homogeneous Rie- 
mannian manifolds. 

Proposition 10. Let (M — G/H,fi) be a compact homogeneous Riemannian manifold. 
Consider any Ad(H) -invariant and Ad(H) -irreducible submodule q C p, where p is a (•,•)- 
orthogonal complement to \), and (•, •) is some Ad(G) -invariant inner product on g (see 
Remark^. Then for every A, Y £ q we have U(X,Y) = 0. 

Proof. Since the module q is Ad(7?)-invariant and Ad(i?)-irreducible, (■, ■)L = a(-, -)| q 
for some a > 0. Therefore, for any Z G p we have 



Remind that the group G acts on the homogeneous space G/H by the transformation 
L b : G/H -> G/H (b G G), where 



Let Ng(H) be the normalizer of H in the group G. For every a £ Nq(H) one can correctly 
define a G-equivariant diffeomorphism R a : G/H — * G/H acting by the following rule: 




a([Z,X] p ,Y)+a(X, [Z,Y] p ) = 0, 



5. Additional symmetries of (5-homogeneous metrics 



L b (cH) = bcH. 



Ra(cH) = cHa' 1 



ca^H. 
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Theorem 14. Let (G/H,p) be a compact G-S -homogeneous Riemannian manifold with a 
connected transitive isometry group G, Nq(H) is the normalizer of the subgroup H in the 
group G. Then for every a G Nq(H) the diffeomorphism R a : G/H — > G/H is a Clifford- 
Wolf translation on the Riemannian manifold (G/H,p). 

Proof. It is clear that the isometricity of the map R a is equivalent to that that for all 
elements c £ G and a G Ng(H), the differential dr a -i (c) preserves the length of every vector 
u G hor c C G c , where hor c means the horizontal subspace of the corresponding Riemannian 
submersion pr : (G,v) — > (G/H,p) in G c and dr a -i(hor c ) — hor ca -i. Here 7', I denote the 
operations of right and left translations in G. We have the evident equality 

r a -i =l c o l a -i o {l a or a -i) o l c -i, 

and the corresponding composition of their differentials. Now it is clear that l c ~i(c) = e, 
dl c -i(hor c ) = hor e = p, and d{l a ° r a -i)(e) — Ad(a). But the last map preserves the space 
p and the scalar product (•,•) by Corollary [5] and evident inclusion NqH C Ng{H ). All 
differentials of left translations preserve the horizontal distribution and length of horizontal 
vectors. So, the map R a is an isometry. It is a Clifford- Wolf translation, because it is 
generated by the right translation r a of G, commuting with all left translations of G, which 
generate a transitive isometry group of (G/H,p). ■ 

Lemma 3. The transformation R a of (effective) homogeneous space G/H for a G Ng{H) 
coincides with a transformation Lb for some b G G if and only if a is the product of some 
central element of the group G and some element of the group H. 

Proof. Suppose that R a = Lb for some b G G. Since R a obviously commutes with every 
transformation L^, d G G, we obtain that b is in the center of G. Further, the condition 
R a = Lb is equivalent to the next one: ca~ 1 H = bcH = cbH for any c G G. Therefore, 
a = bd, where b = b^ 1 is a central element of G, and d is some element of the group H. The 
converse is obvious. ■ 

Theorem 15. Let (G/H, p) be a compact 6 -homogeneous Riemannian manifold with a closed 
connected transitive semisimple isometry Lie group G. Then the group Nq(H) / H is finite. 

Proof. According to Theorem [TU for every a G Nq(H) the diffeomorphism R a := 
G/H — > G/H, acting by the rule R a (cH) = cHa^ 1 — ca~ x H, is an isometry of (G/H,p). 

If dim(NG(H)) > dim(ii), then one can choose a continuous family of isometries of the 
form R a , which are not in the group G. Really, let us consider a vector U, which is in the 
Lie algebra of the group Ng(H), but not in h. Consider a = exp(tU) G Ng(H) for some 
real number t. Then the transformation R a is an isometry of (G/H,p). Since the center of 
the group G is discrete, with using of Lemma [3] we get that for some open set O C K all the 
transformations R a for a G O are not in the group G. But this contradicts to the fact that 
G is the full connected isometry group of the Riemannian manifold (G/H,p). 

Therefore, we conclude that dim(i\?G (ii)) = dim(H), and the group Ng(H)/H is finite, 
since it is compact. ■ 

Example 3. Let G be a connected compact semisimple Lie group, and p is some left- 
invariant Riemannian metric on G, so G is a closed connected transitive isometry group of 
the Riemannian manifold (G,p). Then (G,p) is not G-5-homogeneous. Really, if (G,/i) is 
G-5-homogeneous, then according to Theorem [T31 the group Ng{H)/H is finite. But in our 
case H = {e} is trivial, and Ng(H)/H = G is not discrete. 

According to the previous example we need to discuss 5-homogeneous left-invariant met- 
rics on compact Lie groups. It is clear that any bi-invariant metric p on a compact Lie group 
G is G-<5-homogeneous. But there exist (5-homogeneous left-invariant metrics on G which 
are not bi-invariant. One can show this as follows. 

Let G be a compact connected semisimple Lie group, and let if be a connected subgroup 
of G. Among all left-invariant metrics on G we consider a subclass Mg,k of metrics which 
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are right-invariant with respect to K. It is easy to see that the subclass M.g,k consists 
of (G x K )-invariant metrics on the homogeneous space M = (G X K)/ &\a,g(K) (we use 
the natural inclusion K C G). Indeed, every metric from M.q,k has G x K as a transitive 
motion group with the isotropy subgroup diag(-KT) at the unit e G G. On the other hand, it 
is clear that G is transitive on the space M = (G x X)/ diag(iT). 

Now let us consider a (Gx i"Q-normal homogeneous metric p on M. Then the Riemannian 
homogeneous space (M, p) is (G x K )-5-homogeneous (Corollary [J). But the above discussion 
implies that (M, p) is isometric to the Lie group G with some left- invariant metric p\ . This 
metric could be bi-invariant, but it is easy to see that the set of (Gx JQ-normal homogeneous 
metric p on M is more extensive than the set of bi-invariant metrics on G (for more details 
see |19|). Therefore, we obtain (5-homogeneous left- invariant metrics on G which are not 
bi-invariant. 

Example 4. Let F be a connected compact simple Lie group, G = F , k > 2, H = 
diag(_F) C G. Let us consider the space G/H = F k / dia,g(F) supplied with the metrics p 
generated by the Killing form of F k . Then the homogeneous Riemannian manifold (G/H, p) 
is (5-homogeneous. On the other hand it is isometric to the Lie group F k ~ 1 with some left- 
invariant metric p\. If k > 3, the metric p\ is not bi-invariant. 

Remark 6. It is obvious that for a compact G-<5-homogeneous Riemannian manifold (G/H, p) 
with positive Euler characteristic all conditions of Theorem [15] are fulfilled. Really, any con- 
nected one-dimensional central subgroup of G induces on G/H a non- vanishing vector field, 
but this implies that x(G/H) = 0. On the other hand, in the case of positive Euler char- 
acteristic the statement of Theorem [15] is well known, since the groups H and G have one 
and the same rank. 

6. (5-VECTORS 

Let suppose that M = (G/H,p) be a compact homogeneous connected Riemannian 
manifold with connected (compact) Lie group G. Let g = f) p, (•,•), and (■, •) be the same 
as in the section [4] We identify the Lie algebra of Killing vector fields on M with the Lie 
algebra g of right invariant vector fields on G and use Ad(G)-invariant (Chebyshev's ) norm 
1 1 • 1 1 on q and corresponding bi-invariant inner metric D on G from Theorem [5] 

From Section [3] we get the following 

Proposition 11. The map p : (G,D) — > (G/H,p) does not increase distances. It is a 
submetry if and only if M is G -6 -homogeneous. 

Definition 8. A vector w G q is called i5-vector on the Riemannian homogeneous manifold 
(M = G/H,p) if |P(to)| := ^ (P(w), P(w)) = \\w\\, where P is as in Theorem^ (This is 
equivalent to the condition that for any a € G, (wp,Wp) > (Ad(a)(w)\p, Ad(a)(w)\p).) 

Proposition 12. Let suppose that for a vector v € p, the set W(v) of all 5-vectors of the 
form w = v + u. u G f) (such that \\w\\ = yj (v, v) ) is non empty. Then W(v) is compact 
and convex. Moreover, there is a unique vector w = w(v) G W(v) with the smallest distance 
y/< w — v,w — v >. 

Proof. We can suggest that yj (v, v) — 1. Since p in Proposition QT] doesn't increase 
distances, then P in Theorem [9] has the same property, and really ||u>|| = 1. Let suppose 
that w\, W2 G W(v), < t < 1, and w = tw\ + (1 — t)w2- Then by the triangle inequality, 

HI = \\tw 1 + (l-t)w 2 \\<t\\w 1 \\ + (l-t)\\w 2 \\=t+(l-t) = 1. 

Since P is a linear map, then 

P(w) = P(tW! + (1 - t)w 2 ) = tP(w 1 ) + (1 - t)P(w 2 ) = tv + (I - t)v = v. 

One more, because P doesn't increase distances, it follows from the last two relations that 
||u>|| = 1 and w G W(v). So, the set W(v) is convex. Evidently, it is compact, and we 
proved the first statement. 
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It follows from compactness of W(v) the existence of a vector w £ W(v) with the smallest 
|k;— v\\ = y/ < w — v,w — v >. If we have another such a vector w' ^ w, then by the previous 
statement, w" := \ {w + w') 6 W(v) and 

2\w" - u|i = \[w - v) + (w' - < \(w -v)\t + \(w' - = 2|w - u|i, 

a contradiction. ■ 

Remark 7. Let tigp with W(v) ^ 0. According to Proposition[l2l there is a unique vector 
w £ W(v) with the smallest distance y/< w — v,w — v >. Later on we shall use a notation 
w(v) for this vector and a notation u(v) for the vector w(v) — v £ f). 

Proposition 13. Consider any vector v £ p with W(v) =/= 0. The following four statements 
are equivalent (see Remark^): w(v) — v, u(v) — 0, ||u|| = \v\, and the corresponding vector 
field X(v) on M is infinitesimal 8 '(xq) -translation for the point xq = p{e). 

Proposition 14. IfW(v) ^ 0, then the inequalities u(v) ^ and \\v\\ > \v\ are equiv- 
alent. In this case the following statements are satisfied: for every element g £ G, such 
that Ad(g)(t)) = \), the equality Ad{g){v) — v (respectively, Ad{g){v) — —v) implies that 
Ad(g)(u(u)) = u(v) (respectively, Ad(g)(u(v)) — —u{v)). 

Proof. This follows easily from Propositions [121 fill and the fact that || • ||, (v) e are 
Ad(G)-invariant and invariant under central symmetry. ■ 
From Theorem IH1 we get the following 

Proposition 15. A homogeneous Riemannian manifold (G/H,/j.) with connected Lie group 
G is G -5 -homogeneous if and only if for every vector v £ p there exists a vector u £ \) such 
that the vector v + u is a S-vector. 



7. On the topology of compact homogeneous spaces 

In general case a Cartan subalgebra t of a Lie algebra g is defined as a nilpotent Lie 
subalgebra in g, which coincides with its normalizer in q. If a Lie algebra 2 is compact, i.e. 
is the Lie algebra of some compact Lie group G, then J is a maximal commutative subalgebra 
in g, hence, is the Lie algebra of a maximal torus T in G. 

Theorem 16 (PQ). Any two maximal tori in a compact (connected) Lie group G are con- 
jugate by an inner automorphism of the Lie group G. 

Thus, the rank rk(G) of a compact Lie group G is (correctly) defined as the dimension of 
a Cartan subalgebra 6 in g, or, what is equivalent, the dimension of a maximal torus in G. 

Theorem 17 ( [24] . [37j). Let M = G/H be a homogeneous space, where G, H are connected 
compact Lie groups. Then x{M) > 0. The following statements are equivalent: (i) x(M) > 
0; (it) rk(G) = rk(ff). If x(M) > 0, then the manifold M is formal and x(M) = j^j, 
where \ Wg\ (respectively, \Wh\) is the order of the Weyl group Wq (respectively, Wh )of the 
Lie group G (respectively, H). 

Theorem 18. Let M = (G/H,/i) be a compact simply connected homogeneous Riemann- 
ian manifold with compact Lie groups G and H , and G is connected. Then the following 
conditions are equivalent: 

1) X (M) = 0; 

2) ikG> rkH: 

3) There is a right-invariant vector field on G, projecting under canonical map p : G —> M 
to nowhere vanishing Killing field on M ; 

4) All characteristic numbers of the Riemannian manifold M , defined for principal bundle 
tt : SO(AI) — > M of orthonormal oriented bases on M , are equal to zero. 
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Proof. It follows from homotopic sequence of the bundle p : G — > G/H, connectedness 
of G, and simply connectedness of G/H that the group H is connected. So, all conditions 
of Theorem [T71 are satisfied. Then the conditions 1) are 2) equivalent. 

It is clear that the condition 3) implies the condition 1). 

We will show that the condition 2) implies the statement 3). 

Let us consider [/eg such that the dimension of the closure in G of one-parameter 
group exjp(tU) coincides with rk(G), which, in turn, is strongly greater than rk(_ff). We 
state that Ad(s)(U) £ f) for all s e G. Actually, let suppose that V := Ad(s)(£7) € f). Since 
Ad(s) is an inner automorphism of Lie algebra g, then the dimension of the closure in G of 
one-parameter group exp(tV) also coincides with rk(G). On the other hand, this closure is 
a torus in H, because H is a closed Lie subgroup of Lie group G. This contradicts to the 
inequality rk(H) < rk(G). Clearly, a right-invariant vector field W on G with the condition 
W(e) — U projects under the map p to a Killing vector field on M without zeroes. 

Since any two maximal tori in a compact Lie group are conjugate, then one can easily 
prove that the condition 3) implies the condition 2), because the equality rk(G) = rk(iJ) 
implies that every maximal torus is conjugate by an inner automorphism of Lie group G to 
a subgroup in H. Thus every right-invariant vector field on G projects to a Killing field on 
M, which necessarily vanishes at some points. 

Characteristic numbers from the condition 4) are defined only for even-dimensional Rie- 
mannian manifold M. In this case also Euler characteristic is a characteristic number (cor- 
responding to the characteristic Euler class) by Gauss-Bonnet theorem. Then in this case 
the condition 1) follows from the condition 4); The statement 4) follows from the condition 
3) (even from the more weaker existence condition of nowhere vanishing Killing vector field 
on arbitrary compact smooth oriented Ricmannian manifold of even dimension) by Bott's 
theorem [15] (a proof is also given in Theorem 6.1 of Chapter 2 in [27]). 

In odd-dimensional case %(M) = and the condition 1) is satisfied, hence 2) and 3), 
as we said before. If we suggest that characteristic numbers of odd-dimensional (compact 
Riemannian) manifold are equal zero by definition, then the condition 4) is automatically 
satisfied. Thus, in this case all 4 conditions are equivalent and always satisfied. ■ 

Proposition 16 ( [46] ) . Every even- dimensional homogeneous Riemannian manifold M of 
positive sectional curvature has positive Euler characteristic. 

Proof. According to Berger's theorem [11], any Killing field on an even-dimensional 
Riemannian manifold of positive sectional curvature must vanish at some point. If M = G/H 
would have zero Euler characteristic, then by Theorem[l8]Af would admit nowhere vanishing 
Killing vector field. Thus x(M) > by Hopf-Samclson theorem. ■ 

Remark 8. Example of a flat even-dimensional torus, which has zero Euler characteris- 
tic, shows that the statement of Proposition [16] is not true under the condition of non- 
ncgativcncss of sectional curvature. Notice that by Poincare duality, any compact odd- 
dimensional triangulated (in particular, smooth) manifold has zero Euler characteristic. 

Corollary 9. All CROSS'es, besides odd-dimensional, i.e. besides S 2k+1 andRP 2k+1 , have 
positive Euler characteristic. 

Theorem 19. Any simply connected compact homogeneous Riemannian manifold [M, g) 
admits a semi-simple compact transitive isometry group. If moreover the connected compo- 
nent of the group of all isometries of the space (M, g) is not semi-simple, then x(M) = 
and (M, g) is a total space of a Riemannian submersion, which is a non-trivial principal 
bundle with simply connected homogeneous Riemannian base (Mi,g±) and pair-wise isomet- 
ric totally geodesic fiat tori as fibers. Under this the connected component of the group of 
all motions of the space (M\,gi) is semi-simple. If(M,g) is S -homogeneous, then (Mi, g\) 
is also 5 -homogeneous. 

Proof. The proof follows the line of the paper [7] . The first statement of theorem we get 
on the ground of Corollary 4 of the section 3 in the chapter 2 in [22] . 
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Under this the connected component G of the full isometry group of the space (M, g) is 
not semi-simple if and only if G has non-trivial connected component C of it's center. Then 
the group C acts as a non-trivial connected group of Clifford- Wolf translations on (M, g) . 
Thus x(M) = 0. 

It is clear that the orbits of one-parameter subgroups of the group C in (M, g) are geodesic 
(see also [7]). Thus the orbits of the group C are pair- wise isometric fiat totally geodesic 
tori in (M, g). 

The simply connectedness of M and connectedness of fibers of Riemannian submersion 
p : (M,g) — ► (M\,g{) imply the non-triviality of the bundle p and simply connectedness of 
the space M\. 

On the ground of Theorem^ the metric quotient (orbit) space (C\M,gi) := (Mi,gi) is 
(5-homogeneous Riemannian manifold, if (M, g) is ^-homogeneous Riemannian manifold. ■ 

Remark 9. If (M, g) is a homogeneous compact Riemannian manifold and x(M) > 0, then 
by Theorem 1191 the connected component (of effective) full isometry group of the manifold 
(M, g) is semi-simple. The opposite statement is not true: the connected component of full 
isometry group of Euclidean sphere S 21 ^ 1 , I > 3, is simple Lie group SO(2l) and semi-simple 
Lie group SO(A) with Lie algebra so(4) = so(3) © so(3) in the case of the sphere S 3 . 

Remark 10. The well-known example of Berger spheres S 2n+1 — U(n + \)/U(n) shows 
that in general case the connected component G of the unit for full isometry Lie group of the 
space (M, fi) is not semi-simple, (even if (M, g) is normal); in this case the universal covering 
Lie group of G is non-compact. One needs to note also that for Berger spheres U(n+1)/U(n) 
(with normal metrics) the Lie algebra of isotropy group U (n) is not orthogonal to the center 
of Lie algebra u(n + 1) with respect to corresponding Ad(U (n + l))-invariant scalar product. 

It follows from Proposition [T] that every 5-homogeneous Riemannian manifold has non- 
negative sectional curvature. 

Question 2. Whether every compact 6 -homogeneous Riemannian manifold with a finite 
fundamental group has positive Ricci curvature? 

Proposition 17. Let \) is a Lie subalgebra of a Lie algebra g of a connected Lie group G 
and N B (t)) = t), where N 3 (t)) is the normalizer of t) in g. Then f) is a Lie algebra of a unique 
closed connected Lie subgroup LI in G. 

Proof. Let Hi = {g G G : Ad(g)(f)) C ()}. Then Hi is closed subgroup in G. Hence its 
connected component H is closed. By Cartan theorem, H is a Lie subgroup of G. Evidently, 
Lie algebra of H is equal to N s (ty), which is by condition is equal to f), so H is required Lie 
subgroup. ■ 

One can easily deduce from this the following statements. 

Proposition 18. Lf\) is a reductive Lie subalgebra of g, containing a maximal commutative 
subalgebra t in g, then N s (f)) = f). 

Theorem 20. Let G be a simple compact connected Lie group and t be Lie algebra of a 
maximal torus T C G. Then every proper Lie subalgebra t) C g, such that t C f), is a Lie 
algebra of the unique closed connected Lie subgroup H C G. Moreover, G/H is a simply 
connected compact connected homogeneous space of positive Euler characteristic. 

8. Homogeneous spaces of positive Euler characteristic 
Here we recall some properties of homogeneous spaces with positive Euler characteristic. 

Theorem 21 ( t 41j). If M and M' are homogeneous spaces of connected compact Lie groups, 
x(M) > 0,x(M') > and M is homotopically equivalent to M' then M and M' are diffeo- 
morphic. 
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Now we outline some structure results about homogeneous spaces of positive Euler char- 
acteristic (see [37], 19.5). Let G/H be an almost effective compact homogeneous space of 
positive Euler characteristic with connected group G. From Theorem [TS] we know that the 
center of G is discrete (hence, G is semi-simple), and that there is a maximal torus T C G 
such that T C H . Since the center of G is contained in every maximal torus of G, we get 
the following 

Proposition 19 ( 47J). If a compact connected Lie group G acts effectively on the space 
M = G/H of positive Euler characteristic, then the center of G is trivial. 

Theorem 22 ( 30J ) . Let (G/H, /J.) be a simply connected compact almost effective homoge- 
neous Riemannian manifold of positive Euler characteristic. Then (G/H,fi) is indecompos- 
able if and only if G is simple. In particular, a simple and a non-simple compact Lie groups 
can not both act transitively and effectively as a group of motions on a compact Riemannian 
manifold M with positive Euler characteristic. 

A. Borel and J. de Siebenthal obtained in [13] the classification of subgroups with maximal 
rank of compact Lie groups (see also Section 8.10 in [50J ) . This classification give us a 
description of compact homogeneous spaces with positive Euler characteristic. A complete 
description of homogeneous spaces of classical Lie groups with positive Euler characteristic 
have been obtained also by H.C. Wang in [17] . 

We will concern later with special cases of compact homogeneous manifolds of positive 
Euler characteristic, namely, the (generalized) flag manifolds. They can be described as 
orbits M of a compact connected Lie group G by the adjoint representation. In other 
words, M = G/H, where H = Z G (S) is the centralizer of a non-trivial torus S C G; the Lie 
group H is always connected. Under this orbits of regular elements in g are called (full) flag 
manifolds. 

The chapter 8 in [12] contains the following statements: simply connected compact ho- 
mogeneous Kahler manifolds are exactly (generalized) flag manifolds. Any latter manifold 
(admitting a canonical Kahler-Einstein structure, unique in a sense) is a rational complex 
algebraic (hence complex projective) manifold. In a special case G = Sp(l), the stabilizer 
sub-groups, whose center is 1-dimensional, are sub-groups U(l — m) x Sp(m). Among the 
corresponding orbits Mf^^} , the only ones for which the normal metric is Kahler (hence 

Kahler-symmetric) are Aff p(0 , that is CP 2 '" 1 = Sp(l)/U(l) x Sp(l - 1), and Mf p(l \ iso- 
morphic to Sp(l)/U(l), which is the manifold of totally isotropic complex ^-subspaces of C 2 '. 
The space M^°^ 2l+1 ^ = SO (21 + 1)/U(l) is the manifold of complex flags of type I. 

Using chapter 15 in [37], we can add more. Any (compact generalized) flag manifold M, 
supplied with the above mentioned canonical Kahler-Einstein structure, is isomorphic to 
G/H, where G is a complex connected Lie group and EI is a closed complex parabolic Lie 
subgroup in G. We recall that a connected complex Lie subgroup of G is called parabolic, if it 
contains a Borel subgroup of G. A Borel subgroup in G is any its maximal connected solvable 
complex Lie subgroup. Thus M is a so-called flag homogeneous space. Under this, the 
corresponding complex structure on M is induced by complex structure on G. Any parabolic 
subgroup of G contains Rad(G), a normal subgroup in G. Hence M is a flag homogeneous 
space of semi-simple complex Lie group G := G/Rad(G). Under this M — G /H , where 
G is any compact real form of G and H — G H H for H = H/ Rad(G). 

It is proved in Corollary 7.12, p. 301 in [53] that a maximal connected Lie subgroup 
H of maximal rank in a compact connected Lie group G is a connected component of the 
normalizer (=of the centralizer) of some element g € G. On the ground of this Corollary and 
connected results, the Table 5.1 in [34] is given of all maximal connected compact subgroups 
H of maximal rank (more exactly, their Lie subalgebras) in a compact connected simple 
Lie groups G. In particular, G/H is an orbit of the above mentioned element g € G with 
respect to the action of the group 1(G) of all inner automorphisms of the Lie group G. A 
(generalized) flag manifolds also can be considered as such orbits, when g 6 G is taken in a 
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diffcomorphic image exp G ({7), where U is an open ball with the center G g with respect 
to an Ad(G)-invariant Euclidean metric on g. 

Theorem 23 ( [40J ) . Let G and G' be connected compact Lie groups, H C G and H' C G' 
their connected Lie subgroups of maximal rank, provided that the natural action of G and G' 
on M = G/H and M' = G' / H' are locally effective. Suppose that the graded rings H(M, Z) 
and H(AI' ', Z) are isomorphic. Then 

(i) If M = Mi x • • • x AL S and Ad' — AI^ x • • • x AI^ are the canonical decompositions of 
M and M' , then s = t and is diffeomorphic to AL' k after an appropriate permutation of 
the factors. 

(ii) If G and G' are simple then either the pairs (G, H) and (G', H') are locally isomorphic 
or (up to transposition) they are locally isomorphic to the pairs of the following list: 

G = SU(2n) (n >2),H = S(U(l) x U(2n - 1)); 
G' = Sp(n), H' = U(l) ■ Sp{n - 1); M = Al' = CP 2 "" 1 . 

G = SO(7), H = 50(6); G' = G 2 , H 1 = 5P(3); M = W = S 6 . 
G = 50(7), H = SO{h) x 50(2); G' = G 2 ,H' = SU(2) ■ 50(2); M = M' = Gr+ 2 . 

G = S0{2n)(n>A),H = U(n); G' = SO(2n- 1), H' = U(n- 1); M = M' = I°Gr§ nn . 

Theorem [23] implies easily the classification of transitive actions of connected compact 
Lie groups on simply connected homogeneous spaces of positive Euler characteristic. 
Moreover, from results of [38] and [40] we have 

Theorem 24. Let (G/H,fi) be a simply connected Riemannian homogeneous manifold of 
positive Euler characteristic, and G is a simple connected Lie group. Then the full connected 
isometry group of (G/H, fi) is G/C (C is the center of G), excepting the cases when (G/H, fi) 
is one of the following manifolds: 

1) G/H = Sp(n)/U(\) ■ Sp(n— 1) (n> 2), /u, - symmetric (Fubini) metric on CP 2 ™" 1 = 
SU(2n)/S(U(\) x U(2n - 1)); 

2) G/H = SO(2n - l)/U(n - 1) (n > 4), fj, - symmetric metric on I°Gr§ n n = 
S0(2n)/U(n); 

3) G/H = G 2 /SU(2) ■ S0(2), \x - symmetric metric on Gr£ 2 = 50(7)/50(5) x 50(2); 

4) G/H = G 2 / SU(3) (strongly isotropy irreducible), /i - arbitrary G-invariant metric. 
In the first three cases the metric fi is not G-normal, in the last case /i is metric of 

constant curvature on 5 6 = SO(7)/SO(6). 

Proof. Using Proposition flUl and Theorem |2"31 we easily get the main statements. We 
need only to show that in Cases 1), 2), and 3) the metric /i is not G-normal. It follows from 
results of [35] • Really, in that paper the author proved that the full connected isometry 
group of a simply connected G-normal homogeneous space M = G/H of a connected simple 
compact Lie group G, is G • AutG(M) (a locally direct product), where 

Aut G (M) = {/ S Diff(M) | f(gx) = gf(x), g eG,xE A/}, 

excepting the following cases: G 2 /SU(3) = 5 6 , Spin(7)/G 2 = 5 7 , Spin(8)/G 2 = S 7 x 
5 7 . Only one of these spaces (namely, G 2 /SU(3) = 5 6 ) has positive Euler characteristic. 
Moreover, it is strongly isotropy irreducible. We need to note also that Aut G (M)° is trivial 
for spaces M = G/H of positive Euler characteristic (it is easy to see from Theorem [22]) . ■ 
Now we describe the sets of G-invariant metrics on the spaces G/H from items 1), 2), 
3) of Theorem [24] Note, that each of these spaces is a (generalized) flag manifold. Note 
also, that G-invariant metrics on the space G/H = G 2 /SU(3) constitutes a one-dimensional 
family of pairwise homothctic metrics. 
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Example 5. It is known (see e.g. [5T]) that the set of G-invariant metrics on G/H = 
Sp(n)/U(l) ■ Sp(n — 1) (n > 2) is two-parametric. More exactly, let (•, •) be an Ad(Sp(n))- 
invariant inner product on the Lie algebra q = sp(n). In this case f) = © sp(n — 1) C 
£ := sp(l) © sp(n — 1) C g. Let us consider an (■, -)-orthogonal decomposition 

sp(n) = g = f)fflp = f)ffipiffip 2 , 

where f) © p2 = t = sp(l) © sp(n — 1). Then the modules pi and p2 are Ad(-ff)-invariant, 
Ad(i/)-irreducible, and pairwise inequivalent with respect to Ad(H). Therefore, any Sp(n)- 
invariant metric on G/H = Sp(n)/U(\) ■ Sp(n — 1) is generated by one of inner products on 
p of the form 

(v) = ari<-,->lpi + ^2{-, OIps 

for some positive x\ and x 2 . Note, that the subset of 5?7(2n)-invariant (symmetric) met- 
rics on G/H consists of the metrics with the relation x 2 = 2x\. In this case the full 
connected isometry group is a quotient-group of SU (2n) by its center, and the metric // 
is S 1 [/( 2 n)- normal, and (Sp(n)/U(l) ■ Sp(n — l),/i) is isometric to the complex projective 
space CP 2 ™" 1 = SU(2n)/U(l) ■ S(U(2n - 1))) with the Fubini metric. Note also, that any 
5p(n)-invariant metric on Sp(n)/U(l)-Sp(n—1) is weakly symmetric and, hence, g.o. -metric 

Example 6. The set of G-invariant metrics on G/H = SO(2n — 1)/U(n — 1) (n > 3) is 
two-parametric also. More exactly, let (•, •) be an Ad(50(2n — l))-invariant inner product on 
the Lie algebra g = so(2n — 1). In this case f) = u(n — 1) C t := so(2n — 2) C g = so(2n — 1). 
Let us consider an (•, •) -orthogonal decomposition 

so(2n - 1) = g = \) © p = rj © pi © p 2 , 

where fj © p2 = fi = so(2n — 2). Then the modules pi and p2 are Ad(iJ)-invariant, Ad(H)- 
irreducible, and pairwise inequivalent with respect to Ad(iJ). Therefore, any SO{2n — 1)- 
invariant metric on G/H = SO{2n — 1)/U(n — 1) is generated by one of inner products on 
p of the form 

(•>•) = £i(v)Ipi +£2<-,-)| P2 

for some Xi > and x 2 > 0. Note, that the subset of 5'0(2n)-invariant (symmetric) metrics 
on G/H consists of the metrics with the relation x 2 = 2x\ As in the previous case, every 
SO(2n— l)-invariant metric on SO{2n— 1)/U(n — 1) is weakly symmetric and, hence, g.o.- 
metric 52 . Note also that SO(5)/U(2) coincides with Sp{2)/U{l) ■ Sp(l) as a homogeneous 
space. 

Example 7. Let us consider now the space G/H = G 2 /SU(2) ■ SO(2), where H = SU(2) ■ 
50(2) C SU(3), and G 2 /SU(3) is strongly isotropy irreducible (G/H = SO(7)/SO(5) x 
50(2) = Gr^ 2 ). It is easy to see that there is a subgroup 50(4) C G2 such that SU(2) ■ 
50(2) = SU('i) n 50(4). Therefore, we have (■, -)-orthogonal decomposition 

92 = t) ©P = f)©Pi ©P2©P3, 

where (•, •) is some Ad(G2)-invariant inner product on g 2l su(3) = f) © p3, so(4) = f) © p 2 , 
dim(p2) = 2, dim(pi) = dim(p3) = 4, and every module pi is Ad(G2)-invariant and Ad(G2)- 
irreducible. Moreover, the modules pi, p2, and p3 are pairwise inequivalent with respect to 
Ad(H) [26j . Therefore, we have 3-parametric family of G2-invariant metrics on G/H, every 
of each is generated by some inner product 

(•,•) = xi{;-)\pi +x 2 (-,-)\p 2 +x 3 (-,-)\ P3 

on p for some positive Xi, i = 1,2,3. From [26j we know that SO (7)-invariant (symmetric) 
metrics on G/H are exactly metrics with the following relations: 



x 2 = 2xi, X3 = 3xi. 
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Remind, that G2/SU(2) ■ 50(2) is a flag manifold. The results of the paper [3] implies 
that any G2-invariant g.o. -metric /i on the space G%/SU{2) ■ SO(2) is either G2-normal or 
S'0(7)-normal (symmetric). 

Now we shall give a simple description of naturally reductive homogeneous manifolds of 
positive Euler characteristic, which follows from Theorem [22l 

Theorem 25. Let M be a compact naturally reductive homogeneous Riemannian manifold 
of positive Euler characteristic. Then M is G\ -normal homogeneous for some ( transitive on 
M) semi-simple Lie subgroup G\ C G, where G is the full connected isometry group of M. 

Proof. The group G is scmisimple, since x(M) > (see Theorem HT)f . 

In the proof of the statement of Theorem we can assume without loss of generality that 
M is simply connected. Really, the universal Riemannian covering M of M has a semisimple 
transitive group of motion G, which is a covering of G. Since G and G have one and the 
same Lie algebra, G is compact, therefore, M is compact too. If M is normal homogeneous 
with respect to some semisimple subgroup G\ C G, then M is Gi-normal homogeneous, 
where G\ C G is the image of G\ under the natural covering epimorphism tt : G — > G. 

Moreover, we can assume in addition that M is indecomposable. Really, if M = Mi x • • • x 
M 3 is the de Rham decomposition of M then every Mi is naturally reductive homogeneous 
manifold ([HI], Corollary 7; see also [55], Chapter X, theorem 5.2). If we prove that every 
Mi is normal homogeneous (with respect to some transitive subgroup of its full connected 
isometry group), then M is normal homogeneous too. 

Let M be a compact simply connected indecomposable naturally reductive homogeneous 
manifold with x(M) > 0, and G is its (semisimple) connected isometry group. From Kostant 
theorem (Theorem 4 in [29 ) wc get that there is a subgroup G\ C G, transitive on M, with 
the following property: there is an Ad(Gi)-invariant non-degenerate quadratic form Q on 
the Lie algebra gi of the group Gi such that the Riemannian metric of M is generated by 
by the restriction of Q to Q-orthogonal compliment p to [)i in gi (Hi is the stabilizer group 
of some point of M with respect to the action of Gi, and f)i is the corresponding subalgebra 
of 0i). 

Note that the group Gi is simple according to Theorem l22l But since G\ is simple, Q is 
a multiple of the Cartan-Killing form of gi, therefore, Q is positive definite on and M is 
Gi-normal. Theorem is proved. ■ 

We obviously get from Theorem [231 and Corollary Q] 

Corollary 10. Every compact naturally reductive homogeneous Riemannian manifold with 
positive Euler characteristic is 5 -homogeneous. 

According to Corollarv llOi a compact naturally reductive homogeneous Riemannian man- 
ifolds M, which is not 5- homogeneous, satisfies the condition x(M) = 0. In Section 15 we 
obtain examples of <5-homogcneous Riemannian manifolds with positive Euler characteristic, 
which are not normal homogeneous (consequently, are not naturally reductive). 

9. On algebraic corollaries of the (5-homogeneity 

Let (G/H, (i) be a compact G-5- homogeneous Riemannian manifold with a connected 
Lie group G, and let (•, •) be an Ad(G)-invariant inner product on the Lie algebra q of the 
group G. Denote by f) the Lie algebra of the group H, and consider some Ad(ff )-invariant 
complement p to f) in g (e.g., we can take p from the (•, -)-orthogonal decomposition g = f)©p). 
It is well know that the metric fi is generated by some Ad(if )-invariant inner product (•, •) 
on p, and there is the equality 

(■,■) =si<v)| Pl +M;-)\ P2 +~- + M',')\p. (9-6) 

for some Ad(iJ)-invariant pairwise orthogonal (with respect to both inner products) sub- 
modules pi (1 < i < s) of the Ad(iJ)-module p and for some positive numbers Xi (1 < i < s) 
such that xi < X2 < ■ ■ ■ < x s . Note that the modules pi need not to be Ad(if)-irreducible. 
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For a vector Z 6 g let us denote by Z p and its projections to subspaces p and f) 
respectively, and for a vector U E p we will denote by Ui its projection to pi, 1 < i < s. The 
symbol | • | denotes the norm on p, generated by the scalar product (•, •). 

We will give at first another simple proof of the fact that every (G)-normal homogeneous 
Riemannian manifold (G/H,^) is (G)-8- homogeneous. Let us consider for this the decom- 
position (|9.6p . where s = 1 and x% = 1. Choose any X S p and show that the vector X is 
(5-vector, see Definition [8] Let a E G, then by Ad(G)-invariance of the scalar product (•, •) 
we get 

(Ad(a)(X),Ad(a)(X)) = (X,X), 

thus 

| Ad(a)(X) p \ 2 = (Ad(a)pO P ,Ad(a)(X) p ) < (Ad(a)pQ, Ad(a)(X)) = = \X\ 2 . 

Proposition [T5l implies that (G/H,/i) is (G)-<5-homogeneous. 

Now we derive some corollaries from 5- homogeneity of Riemannian manifolds in terms of 
Lie algebras. 

Let us consider in a G-<5-homogeneous Riemannian manifold (G/H,[i) (with a closed 
connected transitive isometry group G) a geodesic 7, passing through the point eH in the 
direction V, V G p — {0}. Suppose, that the Killing field V + U, U E i) admits the maximum 
of its length on 7, and that this field generates an one-parameter motion group, one of whose 
orbit is 7 f Theorem [TU)) . 

Proposition 20. In the above condition the function if : G — > K, defined by the formula 
ip(g) = \(Ad(g)(V + U))p\, where g € G, has the absolute maximum at the point g = e. 

Corollary 11. In the above condition one has the following: 

(V, [X, V + U] v )=0 for all leg, (9.7) 

(V, [X, [X, V + U]] p ) + \[X,V + U] p \ 2 < for all X e 0. (9.8) 

Proof. Let us consider arbitrary X e g. Then the function f(t) = \(Ad(e tx )(V + U)) p | 2 
has its absolute maximum at the point t = 0. Now the statement of Corollary follows from 
the following: 

/(*) = \V\ 2 +2(V, [X, V+U] p )t+(\[X, V + U] p \ 2 + (V, [X, [X, V + U]] p )) t 2 +o(t 2 ) when t^Q. 
■ 

Remark 11. Note that for X E i) the relations (|9.7[) and (|9.8p are fulfilled for any invariant 
metric. 

Remark 12. The equation (V, [X, V + U] p ) — in the previous corollary is a well known 
criterion for geodesic vectors (see Proposition [6]) . 

Now we easily obtain 

Theorem 26. Let (G/H,fi) be a G -5 -homogeneous Riemannian manifold with connected 
Lie group G. Then for every V G p there is U E \) such that for every X E Q the following 
conditions fulfilled: 

(V,[X,V + U] v ) = 0, (V,{X,[X,V + U]} P ) + \[X,V + U} P \ 2 <0. 

10. On ^-homogeneous manifold of one special type 

Let G be a compact connected Lie group, H C K C G are its closed subgroup. Fix 
some Ad(G)-invariant inner product (•, •) on the Lie algebra g of the group G. Consider 
(•, •) -orthogonal decomposition 



0= fjep = fjepi ©p 2 , 
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where t = f) p 2 is a Lie algebra of the group if. Obviously, [p 2 ,pi] C pi- Let \i be a 
G-invariant Riemannian metric on G/H, generated by the inner product 

(•,•) = an<-, ->|pi +z 2 (-,-)| P2 

on p for some X\ > 0, x 2 > with x\ 7^ x 2 . 

For any vector V £ g we denote by V p and Vj, its ((•, -)-orthogonal) projection to f) and p 
respectively. 

Proposition 21 ([15]). Let W = X+Y+Z be a geodesic vector on (G/H, (i), where X e p 1; 
Y G pa, Z £\). TTien loe /law i/ie following equalities: 

[Z,Y]=0, [X,Y}= Xl \X,Z\. (10.9) 

x 2 - xi 

Proof. By Theorem [H for any [/ G the equality (X + Y, [U, X + Y + Z] p ) = holds. 
Therefore, we have 

(X + Y, [U, X + Y + Z] p ) = x x (X, [U, X + Y + Z\) + x 2 (Y, [U, X + Y + Z]) = 
Xl ([X + Y + Z, X], U) + x 2 ([X + Y + Z,Y],U) = 
((x 2 - xi ) [X, Y] + Xl [Z, X] + x 2 [Z, Y],U)=0 
for any U G 0. Since [Z, Y] 6 p 2 and [X, Y], [Z, X] G pi, this proves Proposition. ■ 

Proposition 22. Let W = X + Y + Zbea S-vector on {G/H, /i), where X G pi, Y G p 2 , 
Z £ t). Then for any U G pi £/ie following inequality holds: 

-zi([f/,X]„, [IT,X]„) + (x 2 - xi)([f/,X] P2 , [LT,X] P2 ) + (xi - x 2 )<[C/,y], [C/,X])+ 

(xi - x 2 )([U, Y], [U, Y}) + Xl ([U, X], [U, Z])+ (10.10) 

(2xi - x 3 )([U, Y], [U, Z\) + Xl ([U, Z},[U,Z})<0. 

Proof. According to Theorem [55] we get the inequality 

(X + Y, [U, [U,X + Y + Z]] p ) + ([[/, X + Y + Z] p , [U,X + Y + Z] p ) < 0. 

It is clear that [Z, X] , [Z, U] , [Y, X] , [Y. U] £ pi, [Z,Y] G p 2 . Therefore, using Ad(G)- 
invariance of (■,■), we obtain 

0> (X + Y,[U,[U,X + Y + Z]] p ) + ([U,X + Y + Z] p ,[U,X + Y + Z] p ) = 

—xi([U, X],[U,X + Y + Z]) - x 2 ([U, Y], [U,X + Y + Z})+ 
Xl ( [U, X] Pl + [U, Y + Z] , [U, X] Pl + [U, Y + Z] > + x 2 ( [U, X] „ 2 , [U, X] Pa ) = 
-xi([tf,X],[Lf A1)-xi([lf F]^ 

-x 2 ([U, Y], [U, Z\) + Xl ([U, X] Pl , [U, X] Pl ) + X1 ([U, Y], [U, Y]) + x\([U, Z], [U, Z\) 
+2 Xl ([U,Y], [U,X]) + 2 Xl ([U,X], [U,Z]) + 2 Xl ([U,Y], [U, Z\) + x 2 ([U,X] P2 , \U,X] Pa ) - 
-xi([t/,X]„, [U,X]„) + (x 2 - Xl )([U,X] P2 , [U,X] Pa ) + {x x - x 2 )([U,Y], [U,X])+ 
(xi - x 2 ) ( [U, Y } , [U, Y] ) + xi ( [U, X] , [U, Z] ) + (2 Xl - x 2 ) ( [U, Y] , [U, Z] ) + Xl ( [U, Z] , [U, Z] ) , 
which proves Proposition. ■ 

Corollary 12. If in conditions of Proposition \22\ X = 0, then for any U G pi we have 

(xi - x 2 )([[/, Y], [U, Y]) + (2xi - x 2 )([U, Y], [U, Z\) + x x {[U, Z},[U,Z})<0. (10.11) 

Proposition 23. For any 5- vector X + Y + Z on (G/H,/j.) the vector Y + Z is a S -vector on 
K/H (with the induced metric). In particular, if (G/H, fi) is G -8 -homogeneous, then K/H 
with the induced metric is K -8 -homogeneous. 



26 



V.N. BERESTOVSKII AND YU.G. NIKONOROV 



Proof. For any Ad(a), where a € K, we have Ad(a)(pi) = pi. Moreover, Ad(a)| Pl is 
orthogonal transformation. Since 

(X,X) + (Y,Y) = (X + Y,X + Y)> (Ad(a)(X + Y + Z)\ p ,Ad(a)(X + Y + Z)\ p ) = 
(X,X) + (Ad(a)(Y + Z)\ p ,Ad(a)(Y + Z)\ p ) 
for any a £ K, the vector Y + Z is 8- vector for K/H. Remark that really the Riemannian 
subspace K/H of (G/H, fj.) is A-normal, because 6 = f) © p2- ■ 

Proposition 24. For any geodesic vector X + Y + Z on (G/H,/j,) the vector Y + Z is 
geodesic vector on K/H (with the induced metric). 

Proof. By Proposition [51 X + Y + Z is geodesic if and only if for any U £ g we 
have (A + Y, [U, X + Y + Z] p ) = 0. Let U £ p 2 © f), then [U,X + Y+ Z} Pl = [U, X] , 
[U, X + Y+Z] P2 = [U,Y+Z] P . Therefore, we have (Y, [U,Y+Z] p ) = 0, since (A, [U,X]) = 0. 
Since U £ f) © p2 may be arbitrary, we get that the vector Y + Z is a geodesic vector on 
K/H. m 

Proposition 25. If vectors X + Y + Z and X + Y + Z both are 8 -vectors on (G/H, (i), then 
^i([A, A][,, [A, A](,) > (x 2 -x 1 )([X,X] P2 ,[X,X] P2 ). 

Proof. From Proposition [5T] we have the equality [A,F] = x\/(x2 — xi)[X,Z]. Putting 
U = X in the inequality (|10.10[) and using the above equality, we prove Proposition. ■ 

Proposition 26. Suppose that (G/H,/i) is G -8 -homogeneous. let X £ pi, Y £ p2, a — 
exp(iy) for some t £ R, A = Ad(a)(A). Then the following ineguality holds: 

xi([X, A] 6! [A, A]i,) > (x 2 - Xl )([X,X] P2 , [A, A] P2 ). 

Proof. Let Z £ t) be such a vector that A + Y + Z is i5-vector. From Proposition [5T] 
we have [Z,Y] = 0. This implies that Ad(a)(Z) = Z. Besides this, Ad(a)(Y) = Y, and 
(A, A) = (A, A), since Ad(a)| Pl is (•, -)-orthogonal. Therefore, the vector A + Y + Z = 
Ad(a)(A + Y + Z) is ^-vector too. Now we can apply Proposition E5l ■ 

Since for a = exp(iY) we have Ad(a)(A) = X + [Y, X]t + o(t) when t — > 0, we get the 
following infinitesimal version of Proposition 1261 

Proposition 27. Suppose that (G/H,n) is G -8 -homogeneous. Let X £ pi, Y £ p2, then 
the following ineguality holds: 

^([[YALA^HYA^A],,) > (x2-xi)([[Y,X],X} P2 ,[[Y,X},X} P2 ). 

11. Root systems of compact simple Lie algebras 

We give here some information about root systems of a compact simple Lie algebra 
(fl) (") ') = ~ B) with the Killing form B, which can be find in books [23l [14] . 

The Lie algebra g admits a direct (•, -)-orthogonal decomposition tffi Lin{U Qe AVa} into 
(non-zero) vector subspaces , where a £ t* is some (non-zero) real-valued linear form on 
the Cartan subalgebra t of Lie algebra g, V a = V- a is some 2-dimensional ad(t)-invariant 
vector subspace, and Lin means a linear span. Using the restriction (of non-degenerate) inner 
product (■, •) to t, we will naturally identify a with vector in t. All such forms (vectors) a are 
called roots of Lie algebra (g, (•, •)), and the set A of all such roots a is called root system of 
Lie algebra (g, (■,■))• It is easy to see that [V a , V a ] is one-dimensional subalgebra of t spanned 
on the root a, and [V a , V a ] © V a is a Lie algebra isomorphic to su(2). This implies that 
vector subspaces V a ,a £ A, admit bases {u a ,v a } with the following commutator relations 

4 

[h,u a ] = —{a,h)v a , [h, v a = (a, h)u a , h £ t, [u a ,v a ] = -- -a. (11.12) 

{a, a) 

Moreover, for a ^ ±/3, 



[u a ,up] = N a ^u a+I 3 + N a ,-pu a -p, 



(11.13) 
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[v a ,vp] = —N a ,pu a +p + N a -pu a -p, (11-14) 
[u a ,vp] = N a> pv a+ p - N a -pv a -p, (11.15) 

[v a ,Up] = N a ,pV a+ p + Na,-pV a -p, (11.16) 

where (integer) numbers N a _p are defined as follows: 

JV-a.HS = N a ,p, N a ,p = ±(q + 1) 

for a,/3,a + /3 G A, where q is the greatest integer number j such that — ja G A. We 
suggest in these formulas that N 1} $ = 0, if 7 + 5 is not a root. From (|11.12|) and the 
invariance of (•, •) with respect to automorphisms of g, it is easy to obtain 

4 

(u a ,u a ) = (v a ,v a ) = -. (11-17) 

{a, a) 

The formulas above imply 
Lemma 4. 

[V a , Vp] = V a+ p + V a -p. 

The root system A is invariant relative to the Weyl group W = W(T). Besides this: 

(i) For every root a E A C t the Weyl group W contains the reflection <p a in the plane 
P a , which is orthogonal to the root a (with respect to (-,-))• 

(ii) Reflections from (i) generate W . 

We list below the root systems of that simple compact Lie groups which we shall need 
later: 

Ar.ei-ej, i^j, i,j = 0,l,...,l. 
Br. ±a, i = l,2, ±ei±e 3 , i < j, i,j = l,2,...,l. 
Q :±2ei,i= 1,2, ±ei±e 3 , i < j, i, j = 1, 2, . . . , I. 

Dr.±ei±ej, i<j, i,j = 1,2, ... ,1. 

gz-.ei-ef, ±\Y^e i -3ej S J, i,j= 1,2,3. 

f 4 :±ei, ±ei±ej, ^(±ei ± e 2 ± e 3 ± e 4 ), i, j = 1,2,3,4. 

Here An = su(l), Bi = so{2l + 1), Ci = sp(l), Di — so(2l). Let us remark that all roots 
of any Lie algebra Ai, Di, e^, e-j, e% have one and the same lengths. The roots of any other 
simple Lie algebra have two different lengths, so we have the systems A; C A and A s C A 
of all long and short roots respectively. If a € Aj,/3 £ A s for Bi,Ci,f± (respectively g^), 
then \a\ — v2|/3| (respectively |a| = v3|/3|), where \X\ — (X, X). In all cases two roots of 
equal length may constitute the angles f , §, The roots of different length for Bi,Ci, fi 
(respectively, 52) may constitute the angles f , f, (respectively f , f , ^-)- 

By theorem [201 all simply connected homogeneous spaces G/H of positive Euler charac- 
teristic with a simple Lie group G are in one-to one correspondence with Lie subalgebras f), 
such that t C f) C Q and t) ^ g; we must identify subalgebras, which are Ad(g)-conjugate 
with respect to some g G G such that Ad(g)(t) = t. Any such Lie subalgebra f) is defined by 
a class of pairwise W^-isomorphic closed symmetric root subsystems A of A, not equal to A. 
By definition, A C A is closed, if a, /3 € A and a ± (3 G A imply a ± [3 G A, and symmetric, 
if —a G A together with a G A. Then 

h = t®Lin{U QeA T4}, (11.18) 

where Lin means a linear span. 
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12. On the group G 2 

Let's describe all simply connected homogeneous spaces G/H of positive Euler charac- 
teristic for G = G-2 = Aut(Ca). For this we use the considerations from the previous 
section. 

Let us give a description of the root system A of the Lie algebra g-i. There are two simple 
roots a, (3 e A such that Z(a,/3) = >f and |a| = \/3|/3|. Then 

A = {±a, ±/3, ±(a + (3), ±(a + 2/3), ± (a + 3/9), ± (2a + 3/3)}. 

Under this, ±a, ±(a + 3/3), ±(2a + 3/3) are all long roots. One can easily see that all non 
JU-isomorphic closed symmetric root subsystems of Ag 2 , not equal to Ag 2 , are 0, {±a}, 
{±/3}, {±13, ±(2a + 3/3)}, {±a, ±(a + 3/3), ±(2a + 3/3)}. 

The first three cases give us respectively the following (generalized) flag manifolds: G2/T 2 , 
Gij 'SU(2)SO(2), and G2/A\^SO(2), where A 1)3 is a Lie group with Lie subalgebra of the 
type Ai of index 3, see [37]. D.V. Alekseevsky and A. Arvanitoyeorgos proved in [4] that all 
G2-invariant Riemannian g.o. metrics on them with the full connected isometry group G2 
are G2-normal. The discussion in Section [8] implies that any G2-invariant metric on these 
spaces, whose full connected isometry group is not G2, is S'0(7)-normal (symmetric) metric 
on G 2 /SU{2) ■ SO(2) = Gr+ 2 . 

The last two closed symmetric root subsystems are maximal, so they correspond to maxi- 
mal Lie subalgebras in g 2 , which are respectively isomorphic to su(2) © su{2) and su(3) with 
the corresponding compact connected Lie subgroups SO{4) and SU (3) and homogeneous 
spaces 02/6*0(4) and G^/SU^) = S 6 , compare with 37]. In the first (second) case 

p = V a 8 V a+f3 8 V a+2 8 V a+S0 

(respectively 

p = Vp 8 V a+ p © V a+ 2 f j). 
It's well-known that irreducible components of a representation of a compact Lie algebra 
are uniquely determined up to equivalence. As a corollary, applying this to the adjoint 
representation of Lie subalgebra i C t) on p, one get that for any ad(f))-invariant subspace 
V C p there exists an equivalent ad (h) -invariant subspace V C p, which is a direct sum of 
the given root vector subspaces V 1 , 7 G R- One can easily see that in both cases above there 
is no such ad(())-invariant subspace V C p besides p and {0}. Thus the space p is ad(h)- 
irreducible. This means that the corresponding homogeneous spaces G2/H are strongly 
isotropy irreducible. Then any G2-invariant Riemannian metric on G2/H is G2-normal. 

Remark 13. Note that G2I SO(4) is irreducible symmetric space, see [12] . 

Therefore, we have the following 

Proposition 28. Any g.o. (any 8 -homogeneous, in particular) Riemannian homogeneous 
manifold (G2/H, fi) of positive Euler characteristic is either G2-normal or SO(7)-normal. 

Let us remark at the end that the very last root subsystem contains only the long roots. 

13. Calculations with roots 

Let suppose that in the Notation of Section [6) (M — G/H, fi) is G-J-homogeneous simply 
connected indecomposable Riemannian manifold with positive Euler characteristic. Then G 
is simple by Theorem 1221 and we have inclusions T C H C G, where T is a maximal torus 
in G. Then we have some Ad(T)-invariant (•, ^-orthogonal decomposition 

= t © Lm{U 7eC ^ 7 } © Un{U aeD V a }, 

C U D = A is a set of all roots for Lie group G with respect to Lie algebra t of T, V a = V- a 
and V 1 — V-j are two-dimensional "root spaces", and the first two summands give us a 
decomposition of the Lie algebra f) of the Lie group H, the last summand gives Ad(H)- 
invariant vector subspace p. 
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Proposition 29. Let a-i, . . . ,otk € D are linearly independent roots. Then there is a unique 
(up to multiplication by constant) vector t c G Lin{ai, . . . ctk} such that for some real number 
s, Ad(exp(si c )) = - Id on ®f =1 V m . 

Proof. One can easily prove this by using the dual basis in Euclidean space Lin{ai, . . . o^}. 

■ 

Proposition 30. Let a\, . . . , afc € D are linearly independent roots and v — Vi, where 

vi G V ai ,i = l,...,k, are non-zero vectors. Let u(v) ^ 0, (see Remark^) and C v is the set 
of all 7 € C such that V^-component of u(v) is not zero. Then 

C^fl, acLin{ai,...a fe }-^, 

where tj: is the orthogonal compliment in Lin{a!, . . .a^} to the vector t c from Proposition 

\m 

Proof. Really, if C v = 0, then u(v) := u e t and by Proposition [Ml 

Ad(exp(st c ))(w) = -w, Ad(exp(st c ))(u(w)) = u(w), (13.19) 

since [u,t c ] = 0. This contradicts to Proposition Q3] So, C v ^ 0. 

Now, if some 7 € C v is not in Lin{ai, . . . a^}, then one can find a vector w € t, which 
is orthogonal to all a±,...a>}., but (w,j) ^ 0. Then [w,v] — 0, while 7^ which 

contradicts to Proposition [TH 

Finally, if C v E tjr, then one more we have (|13. 19|) . which is impossible by Proposition 

M ■ 

Since roots a G D, 7 € C are non-collinear, the next proposition follows from Propositions 
[Hand [30] 

Proposition 31. If v S V a , a € D, then \\v\\ — \v\ — \J (v, v), i.e. v is a S-vector. 

Proposition 32. We have at most two possibilities: (•,•) = x(-,-) on p or we have an 
Ad(H) -invariant (•, -)-orthogonal direct decomposition p — pi p 2 such that (•, •) = X\{-, ■) 
on pi and (•, •) = 2:2 (■, •) on p 2 , where x± ^ x 2 . We have necessarily the first possibility, if 
all roots of G have one and the same length. 

Proof. The elements Ad(n), n € N(T), generate on t a finite Weyl group W — W(T). It 
is known that W is generated by orthogonal reflections in hyper-planes in t, orthogonal to 
roots in A C t. From this and known classifications of roots systems of compact simple Lie 
groups one can easily deduce that W acts transitively on every set of roots of equal lengths. 
There are at most two such sets in A: the set of all short roots A s and the set of all long 
roots A; (see Section [TT]) . At the same time Ad(n), n S N(T), acts transitively on the set 
of root vector spaces V a , a £ A; or a S A s . Since || • || and (•, •) are Ad(G)-invariant, we 
get by Proposition I3T1 that 

(v a ,v a ) = \\v a \\ 2 = \\vpW 2 = (vp,vp) 

and 

(v a ,v Q ) = (vp,Vp), 

if a, (3 S A; or a, (3 e A s . Here v a S V a mean special vectors from Section [TT] From this 
follow the required statements. 
■ 

Corollary 13. Any G-S -homogeneous Riemannian manifold (G/H,fi) of positive Euler 
characteristic with G = SU(l + 1), 50(2/), Eq, E7, or Eg is G-normal. 

Therefore, we should examine only the second case in Proposition [3U Later on we shall 
use the following notation in this case: 

Pi = LmfU/jguV^}, P2 = hm{U aeA V a }, A = AiHD, B = A s n D, (13.20) 

where A/ (A s ) means the set of long (respectively, short) roots of Lie algebra g. 
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Lemma 5. Let q = f) © pi ® p 2 as above, then [pi, p 2 ] 7^ 0. 

Proof. Let us suppose that [pi,p2] = and show that in this case q := pi + [pi, pi] is 
an proper ideal of q. For this goal it is sufficient to show that [f),q] C q, [pi , q] C q and 
[P2,q] C q. 

Since [f),pi] C pi and [p2,pi] = 0, then by the Jacobi identity we get [ft, [pi, pi]] C 
[[ft, pi], pi] C [pi, pi] C q and [p 2 , [pi, pi]] = 0. Therefore, [f),q] C q and [p 2 ,q] = 0. 

For any X, Y e pi and Z e p 2 we have {[X, Y],Z) = —(Y, [X, Z]) = 0, since [pi, p 2 ] = 0. 
Hence, [pi, pi] C pi © f), and [pi,q] C [pi, pi] + [pi, [pi, J>i]] C [pi, pi] + [pi, f)] C q. 

Consequently, q is an ideal of q. This ideal is proper, since p 2 is (•, -)-ortogonal to q (see 
above). On the other hand, q is a simple Lie algebra and contains no nontrivial ideal. This 
contradiction proves Lemma. ■ 

Lemma 6. Let suppose that the root system A of a compact simple Lie algebra g 7^ g 2 
contains two roots q £ A|, (3 G A s of different lengths. Then at most one of a + [3 or 
a — [3 is a root in A. 

Proof. By previous description of A, we have exactly three possibilities for the angle 
between a and (3: f , f, ■ In the second case no one of terms a + [3 or a — /3 is a root. 
Otherwise there would be a root, longer than a, which is impossible. In the first (respectively, 
third) case a — [3 (respectively, a + (3) is a root, but not a + [3 (respectively a — (3). ■ 

Lemma 7.1) The vector subspace 

V = l®Un{U aeAl V a } 

is a Lie subalgebra in q. 

2) The vector subspace n is a maximal subalgebra in g, if G ^ F4 and G 7^ Sp(l), I > 3. 

3) IfG = Sp(l), then all non-collinear roots in A/ are mutually orthogonal and [V ai , V a2 ] — 
0, if ct\ 7^ ±a 2 are roots in A;. 

4) If G = F4, then n is isomorphic to so(8) = spin(8). There is &d(n) -invariant decom- 
position 

= h = V® <U © (\2 © q3, 
where q3 = LinjU^gAaVg}, and A a consists of all roots in A s of a form ±ei, i — 1,2,3, 4; qi 
(q 2y ) is spanned on the root spaces of roots of the form l/2(±ei ± e 2 ± e^, ± e^) (see Section 
11) with the odd (respectively, even) number of signs "—" in this formula. All modules qi are 
ad(r;) -irreducible, and Xi = ryffi qi, 1 < i < 3, is a Lie algebra isomorphic to so(9) = spin(9). 
For i 7^ j there is an automorphism of f^ preserving n and t, which maps Xi to Xj. Any 
proper subalgebra of q = f 4 , containing 77 and different from n, is one of the subalgebra Xi, 
1 < i < 3. 

Proof. For G = G 2 all statements can be checked directly and easily. 

Let G be another simple group (with roots of different lengths), and a, (3 € A;. Then 
< a, (3 >= or Z(a, (3) = ^ or Z(a, (3) = |. In the first case a ± (3 cannot be a roots, so 
[KtjVjg] = 0. In the second (third) case orthogonal reflection of t in the hyperplane, (•,•)- 
orthogonal to a (respectively, —a), maps the root (3 to the vector a + (3 (respectively, to 
(3 — a), so this vector is a long root. At the same time, a — (3 (respectively, (3 + a) is not a 
root. So, we get [V a , Vg] = V a+ p (respectively, [V a , Vg] = V a -f}). This finished the proof of 
the first statement. 

The second statement easily follows from the list of all roots of a simple Lie algebra. 
Let us remark that any maximal subalgebra 9 in q = sp(l), I > 3, (with root system C;), 
containing n, has a form 

9 = 1] ©Lin{U QeA .-A i Va}, 
where A^ contains all roots in A s of a form ie^ ± ej for a fixed 1 < i < I, and all j ^ i. All 
these Lie algebras Qi are mutually isomorphic under automorphisms of g and are isomorphic 
to the Lie algebra 9\ = sp(l) sp(l — I). So, if O is compact connected Lie subgroup in 



ON (5-HOMOGENEOUS RIEMANNIAN MANIFOLDS 



31 



G = Sp(l) with Lie algebra 6\, then we get the homogeneous space G/Q = Sp(l) / Sp(l) x 

Sp(l- 1) =ip( , - 1 >. 

All long roots for Lie algebra sp(l) has the form ±2ej, 1 < i < I, so we get the third 
statement. 

One can check the first three statements of 4) directly. All other statement are proved in 
0. ■ 

Lemma 8. The module t := f) © p 2 ('see \13.20\) ) is a Lie subalgebra of q. As a corollary, 
[p2,Pi] C pi. 

Proof. It is clear that [f|, f|] C f) C I, [f), j) 2 ] C p% C fi and ?y C 6 (see Lemma [7J. Note also 
that [p2,p2] C [r], rj] C J) C t. These considerations prove the first statement. The second 
statement is evident. ■ 

The previous Lemma permits now to use all results of Section 10. 

Proposition 33. Let suppose that we have the second possibility in Proposition^^ (so A 
has roots of two different lengths), and g ^ j2- There are a £ A, £ B (see \13.20\) ) 
such that [V a , Vp] ^ 0. For any such a, 0, either a + 20 G C or a — 20 £ C . Moreover, the 
following ineguality holds: 

x 1 <x 2 <2x 1 . (13.21) 
Proof. The first statement follows from Lemma [5] 

If [V a , Vp] 7^ 0, then by Lemma [6] we have only two possible cases for the angle between 
a and (3: ? or Both cases are quite similar, so let us consider the second one. In this 
case 

a + (3 g A s ,a + 2(3 G A/, |a|i = \a + 20\t = V2|/3|i = V2\a + 0\ u (13.22) 
where \X\i = y/(X,X) for leg. Then 

[K.U^U/j] = [N a ,0U a +p, up] = N a ,0(Na+l3,-pU a + N a+ p^u a+2 p). 

Here N a: p = ±(q + 1), where q = max{j : (3 — jet G A} = 0, so N a _p — ±1. N a +p t —p — 
±(p + l), where p = max{j : -f3-j(a + (3) G A} = 1, so N a+j3 ,-p = ±2. AT a+j9i/J = ±(/ + l), 
where I = max{j : (3 — j(a + 0) G A} = 1, so N a+ p : p — ±2. Hence we get 

[[tt a , U/j], u/3] = 2(±u a ± u a+2 p), (13.23) 

where one needs to take only one of four possible choices of signs. Since u a G p2, we see 
from (|13.23p that [[u a ,up],up} P2 ^ 0. Then Proposition [27l implies that [[u a , up], up]^ ^ 0. 
It follows from the formula (|13.23j) that [[u a , up], up]^ — ±2u a j r2 p- Hence a + 20 G C. 

In order to prove the inequality x\ < x 2 take a S- vector Y G p2 and some U G pi such that 
[U, Y] 7^ (it is possible according to Proposition 1311 and Lemma [5]). Using the inequality 
PP. lip of Corollary [T2l in this case, we get {x\ — x 2 )([U, Y], [U, Y]) < 0, therefore, x% < x 2 . 

It is possible to prove the inequality x 2 < 2xi, using Proposition 1271 But we give a more 
clear proof. Let's consider the (Ad(G)-invariant) Chebyshev's norm || • || on g, corresponding 
to G-<5-homogeneous space (G/H,fi) (see Theorem|6|). According to Proposition [3TJ for any 
root a E A every X G V a is a 5-vector. Therefore, ||X|| = •v/ (X, X) = y/x^lXli. Similarly, 
for any root G B every Y £ Vp is a (5- vector and ||Y|| = \J (Y, Y) = *Jx\\Y\\. By above 
argument we can suppose that (|13.22[) is satisfied. Using the equations (|1 1 .12(1 . (|13.22[) and 
Ad(G)-invariance of || • || and |-|i, we get that ||a|| = ^/x2|a|i = \/2x 2 \0\i and \\0\\ — y/xi\0\\. 
According to Ad(G)-invariance of || • || and | • |i we get ||7|| = \\0\\ (||7|| = ||a||) for any 7 e A s 
(respectively, for any 7 G A;), and by (|13.22[) , 

y/2&\p\i = \\a + 20\\ < \\a + 0\\ + \\0\\ = 2\\0\\ - 2^xT\0\ u 

which is equivalent to x 2 < 2x\. Thus we get inequalities (|13.21[) . ■ 

Remark 14. As it follows from the proof of inequalities (|13.2ip . for a G-(5-homogeneous 
Riemannian manifold (G/H,fi) with x 2 = 2x\ the restriction of the Chebyshev's norm || • | 
to the Cartan subalgebra t is not strictly convex norm. 
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Corollary 14. Every compact G -5 -homogeneous Riemannian flag manifold M = G/T with 
a simple compact connected Lie group G is G-normal. 

Proof. Let suppose that the space under consideration is not G-normal. Then the first 
two statements in Proposition |3"31 imply that C 7^ 0. But this is impossible for f) = t. ■ 

Proposition 34. Every vector in p2 for every G -5 -homogeneous Riemannian space (G/H, fj,) 
is a 5-vector. 

Proof. Let's take in the above notation t := x\ < X2 and an arbitrary (non-zero) vector 
v £ p2- Let suppose at first that t — x-2. In this case the corresponding space M2 — (G/H, (12) 
is G-normal. Then there is unique Killing vector field on M2, which as an element of Lie 
algebra of right-invariant vector fields on G can be naturally identified with v S p2 C 0. 
Then the Chebyshev's norm ||X|| 2 = y/n 2 (X(y),X(y)), where y = He G/H = M. Now, 
if we take t = X\ < X2, leaving X2 fixed, then for any point z £ M we will have 

VKX(z),X(z)) < ^^(X(z),X(z)) < ^/ m (X(y),X(y)) = ^ ^(X (y) , X (y)) . 

This means that y = H is a point of maximal distortion of X for /1 also, which finishes 
the proof. ■ 

The following proposition follows from Ad(G)-invariance of the Chebyshev's norm. 

Proposition 35. The set of all 5-vectors in some vector subspace V% C pi is invariant 
under all Ad(g), g £ G, which leave Vi invariant. 

14. The special second case 

Now we suppose that we have the second possibility in the Proposition [32l hence A 
contain roots of different length by Proposition [32] and G 7^ G2 by Section QT] So we need 
to consider only the simple Lie groups F4, and Sp(l), SO(2l + 1), when I > 1. 

If I = 1, then the center C(Sp(l)) is isomorphic to Z 2 and Sp(l)/C(Sp(l)) = SO(3). 
The unique nontrivial Riemannian homogeneous space of positive Euler characteristic in 
this case is the symmetric (irreducible) space Sp(\)/T = SO(3)/T = S 2 of rank 1, which is 
G-normal, hence G-<5-homogeneous. 

Proposition 36. In the notation above, the following statements hold: 

1) IfG^ Sp(l), I > 3, then AUG = A h B = A s . 

2) If G = Sp(l), I > 3 ; then for every a e A and 7 S G, (a, 7) = and [V a ,Vy] = 0. 

3) For every a € A there is an £ B such that (a, (3) 7^ 0. If G ^ G2, then one (and 
only one) of the vectors a + (3 or a — (3 is root in B, and a + 2(3 (respectively, a — 2(3) is a 
root in C . 

Proof. The first statement in the case G 7^ F4 follows from the statement 2) of Lemma 
[7] and from the inclusion 77 c f) ©pa- 
Suppose that G = F4. By Lemma [H p2 © t) is a proper Lie subalgebra in fa, which 
contains 77 by Lemma [7] So, by the statement 4) in Lemma El either p 2 © f) = rj, or 
P2 © b = *i f° r some 1 < i < 3. The second case is impossible. Suppose the contrary. Since 
ti = rj © q i: we get C f). On the other hand, the module generates the Lie algebra tj 
((ti,r)) = (so(9), so(8))). Since f) is a proper subalgebra in ti, this is impossible. Therefore, 
P2 © t) = V an d B coincides with the set A s . This proves the first statement for G = F4. 

The second statement follows from the statement 3) of Lemma [7J if 7 S A; . The case 
7 G A s , can be considered as Lemma [8] above. 

Consider now the item 3). For any a £ A there is (3 £ A s such that 7 := a + (3 £ A 
(otherwise an angle between a and any (3 £ A s is n/2, with using the Weyl group we get 
the same for any root in A, but the latter contradicts to Lemma [5|). It is clear that 7 £ A s . 
Since 7 — (3 = a £ A, then either (3 or 7 is not in G, hence one of them is in B. Other 
statements of this item follow from Lemma [8] and from Proposition [33] ■ 
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Proposition 37. Up to change of indices, in the case of G — Sp(l), we must have A = 
{±2ei}, {±ei ± e h 1< i < 1} c B. 

Proof. Let suppose that A contains besides ±2ei (up to change of indices) yet ±2e 2 . 
Then by the statement 2) in Proposition I36i C cannot contain roots of the form ±e$ ± ej, 
i < j, where i = 1 or i = 2. So, B contains all roots of the form ±ei ± ej, 1 < i, and 
±e 2 ± ej, 2 < j. Let consider the root — e\ + e 2 e B. Then [V^ , y_ e i+e 2 ] = Ki+e 2 - Now 
by Lemma U 

[V ei+ e 2 ,V- ei+e2 ] = V 2e2 © V 2ei C p 2 - 

So, in the previous notation 

a := 2ei, (3:—— ei+e 2 , a + /3 = ei + e 2 , a + 2/3 = 2e 2 G A. 
We have got a contradiction with the second part of the second statement in 3) of Proposition 

Now A = {±2ei} and by the first part of the second statement in 3) of Proposition [36l 
all roots of the form ±ei ± ej, 1 < i, must lie in B. ■ 

Corollary 15. In conditions of Proposition \3T\ dim(p 2 ) = 2. 

Proposition 38. For the case G — Sp(l),l > 2, the spaces under consideration may have 
only one of the form M = Sp(l)/U{l) ■ Sp(l - 1) or Sp(l)/U{l) x Sp(k 2 - 1) x • • • x Sp(l - k m ), 
where 1 < k 2 < ■ ■ ■ < k m < I, m > 2. 

Proof. In the Notation of Proposition [37l let suppose also that all other short roots (of 
the form ±a ± ej, 2 < i < j < I,) lie in C. In this case we get exactly the first case. Here 
t/(l) • Sp(l — 1) is the centralizer of the root 2ei G t and f) © p 2 = sp(l) © sp(l — 1) C sp{l). 

Let suppose that in the previous conditions G = Sp(l) and H ^ U(l) X Sp(l — 1). From 
Propositions [37] and the first case we get that 

U(l) x Spil) 1 - 1 cHc U(l) x Sp(l - 1) c S P {1) x Sp(l - 1). 

Therefore, we obtain the second case from the description of subgroups with maximal rank 
of the group Sp(l), obtained in Theorem II of [37J. ■ 

Theorem 27. For the case G = Sp(l), I > 2, the spaces under consideration may have only 
the form M = Sp(l)/U(l) ■ Sp(l - 1). 

Proof. Suppose the contrary, then according to Proposion [35] there is a S- homogeneous 
Riemannian manifold (G/H — Sp(l)/U(l) x Sp(k 2 — 1) x ■ ■ • x Sp(l — k m ),[i = fJ> X i,x 2 )i where 
1 < k 2 < • •• < k m < I, m > 2, and X\ ^ x 2 . 

Let K = Sp(l) x Sp(k 2 - 1) x ■ • • x Sp(l - k m ), H C K C G. Then g = t © pi, 
sp(l) = u(l) © p 2 . We will use notation t)i = u(l), \) 2 = sp(k 2 - 1) © • • • © sp(l - k m ), 
where t) = t)i © t) 2 . Let us consider Ad(if)-invariant submodules pi,i,pi, 2 C pi such that 
= sp(l) = sp(l) © sp(l — 1) © pi,!, sp(l — 1) = f)a © Pi,2, where all sums are orthogonal 
with respect to (•, •), and pi = pi,i © pi, 2 . 

Take any X G pi,i C pi and any nontrivial Y G p 2 . Then there is some Z G f) such that 
the vector X + Y + Z is a 6- vector. In particular, this vector is geodesic for (G/H, /i). Then 
using Proposition [21] we get that [Z, Y] = 0. This means that Z G f) 2 . 

Take now any U G pi, 2 C p 1 and apply the inequality (|10.10|) from Proposition |2"21 in this 
situation. It is clear that [U, X] G pi,i C pi, [U, Y] = 0, [Z, U] C pi, 2 and ([U, X], [U, Z]) = 0. 
Hence the inequality (10.10) take the form xi([U,Z], [U, Z]) < 0, consequently, [U,Z] = 
for any U G pi i2 . On the other hand, it is easy to see, that the submodule pi i2 generates 
the Lie algebra sp(l — 1) (the pair (sp(l — 1), f) 2 ) is effective), therefore Z sits in the center 
of sp{l ~ 1) and Z = 0. 

Now we use Proposition [52 again. We get that [X, Y] — x\j(x 2 — x\)[X,Z] — 0. Since 
X G pi,i is arbitrary we get [Y,pi i] = 0. This is impossible since Y is nontrivial and the 
submodule p^i generates the Lie algebra sp(l). Therefore, (G/H,/i) is not ^-homogeneous. 
Theorem is proved. ■ 
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Theorem 28. If G = S0(2l + 1), where I > 2, then the space M := G/H under considera- 
tion may have only one form M = SO(2l + \)/U(l). 

Proof. The group G = SO(2l + 1) has the root system Then the Lie algebra n 
from Lemma [7] is isomorphic to the Lie algebra so(2l) of the Lie group SO(2l) with the 
root system Di. In this case r] = () © p 2 and pi = Lin{U/3 S A 3 Vp} by the statement 1) in 
Proposition l36l Therefore the homogeneous space (SO(2l + 1)/H, /i) under consideration is 
fibred over rank 1 (hence irreducible) symmetric space SO(2l + l)/SO(2l) = S 21 . So, the 
conditions of Theorem 4.1 in the paper [32] are satisfied. Then by Table I on the page 841 
of this paper and by Theorem [TH we must have M = SO(2l + \)/U(l). ■ 

Remark 15. The spaces in Theorem |2"T1 and the spaces from Theorem |2"B1 were appeared 
also in the paper [4] as (generalized) flag manifolds, admitting non-normal invariant g.o. 
Riemannian metrics. Earlier W. Ziller proved that all invariant metrics on these spaces are 
weakly symmetric (hence, g.o.) |52j . 

Corollary 16. For spaces in Theorem \28\ every vector in pi is a 5-vector. 

Proof. By the proof of Theorem [28l p\ is naturally identified with the tangent space at 
the initial point of a rank 1 symmetric space SO(2l + l)/SO(2l) = S 21 , which is two-point 
homogeneous. This implies that Ad(S"0(2^ + 1)) acts transitively on the unit sphere in 
(pi, (•, •)). The proof is finished by applying of Propositions UTtl and 1551 ■ 

Theorem 29. There is no space M := G/H under consideration with G — F 4 . 

Proof. At first, we prove that M = G/H with G = F 4 may have at most one form 
M = F 4 /exp(u(4)). 

In this case () © p 2 = n = so(8), pi = qi © q 2 © q3 (see Lemma [7] and Proposition IM)) . 
Let's consider a subalgebra r3 = r\ © q3 = so(9) = spin(9) = t. By Proposition [51 the 
Riemannian subspace L/H = Spin(9)/H C F4/H is totally geodesic, hence ^-homogeneous 
and g.o. space, and also has positive Euler characteristic. Since L — Spin(9) is a simple 
group and the restriction of the Killing form of f 4 to [ is Ad(L)-invariant, then this restriction 
must be proportional to the Killing form of l. We have Spin(9)/H — (Spin(9)/C)/(H/C) — 
SO(9)/(H/C), where C is the common center of Spin(9) and H . Therefore, the Riemannian 
subspace SO(9) / (H / C) of F4/H is not S'0(9)-normal, if F4/H is not iVnormal, because [ 
includes vector subspaces p 2 and q3 C pi. 

If SO{9)/{H/C) is not 50(9)-5-homogeneous (being (5-homogeneous) , then its full con- 
nected isometry group is not equal to 5*0(9). Therefore, according to Theorem[2H we must 
have H/C = [7(4) and H = exp(u(4)). On the other hand, if S0(9)/(H/C) is 50(9)- 
(5-homogeneous, then by Theorem |2"51 we get again H — exp(u(4)). Note that f) = u(4) 
is spanned on the Cartan subalgebra t and on the root spaces of the roots ±(e^ — e^), 
1 < i < j < 4. 

Now we shall prove that the Riemannian manifold (G/H = F4/ exp(it(4)), /i = fi Xl ,x 2 ) is 
not g.o. for x\ ^ x%. 

Note that the submodule q 2 (see Lemma[7) is not ad(f))-irreducible. Really, let us consider 
a two-dimensional submodule q C q 2 , which is spanned on the root space of the vectors 
±l/2(ei + e 2 + e3 + e£). It is clear that 

(±(e, - ej)) + (±l/2(ei + e 2 + e 3 + e 4 )) 

is not a root for any 1 < i < j • < 4. This means that q commutes with every root spaces of 
the roots ±(ej — ej). Therefore, q is invariant under the action of ad(f)). 

Consider now any X e q C q 2 C pi and any Y G p 2 . If (F 4 / exp(u(4)), fi) is a g.o. space, 
then there is Z S f) such that X + Y + Z is a geodesic vector. If we have x\ ^ x 2 in addition, 
then according to Proposition ETJ we get [X", Y] = x\/(x2 — x\)[X,Z]. Since [X,Z] C q, 
we obtain that [X, Y] G q for any X G q and for any Y G p 2 . Therefore, the module q is 
ad(?7)-invariant which is impossible, since the module q 2 (containing q) is ad(f7)-irreducible. 
Therefore, (F 4 / exp(u(4)), fi) is not g.o. for x\ 7^ x%. This finishes the proof. ■ 
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15. On the space SO(5)/U(2) = Sp(2)/U(l) ■ Sp(l) = CP 3 

Here we find all (5-homogeneous metrics on the space SO(6)/U(2), where U(2) C 50(4) C 
50(5), and the pair (50(5), 50(4)), (50(4), U(2)) are irreducible symmetric. Remind that 
the space 50(5)/C7(2) coincides with the space Sp(2)/U(l) ■ Sp(l). 

For A, B £ so(5) we define (A,B) = -l/2trace(A • B). This is an Ad(50(5))-invariant 

( o c 

inner product on so(5). A matrix A + \J— IB £ u(2), where A = 



^ ^ J we embed into so(4) via A+^^1B i— > f ^ ^ 

pair (so(4), u(2)) (see e.g. [2S 
A i ► diag(A,0). 

It is known the following (•, ^-orthogonal decomposition 



, and B 

— c 

in order to get the symmetric 



Also we use the standard embedding so(4) into so(5): 



= so(5) = so(4) © pi = u{2) © p 2 © pi, P = Pi © P2, 
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and the modules pi and p2 are Ad([/(2))-invariant and Ad(?7(2))-irreducible. Note that for 
vectors X from pi as above we have (X, X) — k 2 + I 2 + m 2 + n 2 , and for vectors Y £ p2 we 
have (Y,Y) = 2e 2 + 2f 2 . 

Let us consider the invariant metric [i = /-t XIlX2 on 50(5)/f/(2), corresponding to the 
inner product 

(•,•) = zi(-,-)Ipi + a; 2(-,-)|p 2 

for some positive xi and X2- We know that every such metric is a g.o. -metric |52j.[42j. From 
the discussion in Section [5] we get the following 

Proposition 39. The full connected isometry group of (SO (5)/ U (2), p) is 50(5), excepting 
the case Xi = 2x\, where the full connected isometry group is 50(6)/{±/}, and the metric 
fi is SO(6)-normal (in the last case (SO(5)/U(2), p) is isometric to the complex projective 
space CP 3 with the standard Fubini metric). 

Let Eij be a (5 x 5)-matrix, whose (i,j)-ih entry is equal to 1, and all other entries are 
zero. For any 1 < i < j < 5 put Fij — Eij 
P = Pi ©P2: 

q = M ■ Fi s © 



Ejj. Let consider the following subspace of 



1 • (Fi f 4 — ^2,3)- 

Proposition 40. For any vector V £ p there is a £ H = [7(2) such that Ad(a)(V) £ q. 
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Proof. Let V = X + Y, where X £ pi and Y £ p 2 . We know by (the proof of) Corollary 
[l6]that Ad(U (2)) acts transitively on the unit sphere in pi. Therefore, we may assume that 
X = bFi_ 5 for some b £ K. We have 

Y = Cl (F h2 - F 3A ) + c 2 {F 1A - F 2 , 3 ) 

for some real c\ and c 2 . Note that [F24, X] = 0. Therefore, X is invariant under Ad(a), 
where a = exp(fcF2 )4 ). On the other hand, 

Ad(a)(F) = ci(F 1)2 - F 3A ) + c 2 (F 1)4 - F 2 , 3 ) G p 2 , 

where 

c\ = c\ cos(t) + c 2 sin(t), c 2 = c 2 cos(i) — ci sin(i). 
For some suitable t £ Rwe get that c\ = 0. Therefore, Ad(a)(V) — &Fi,5+c 2 (i*i, 4 — F 2)3 ) G q. 
■ 

Proposition 41. Lei W — X + Y + Z , where X + Y £ q and Z £ f) = u(2), &e a non-trivial 
geodesic vector on (SO(5)/U(2), ji), x 2 + 1 #1, x 2 ^ 2xi. T/ien we /iaue one of the following 
possibilities: 

1)W = 6Fi, 5 + |a cF 1)4 + SLzpLcJ^ /or some ^ 0, c ^ 0; 

iy = d(Fi, 4 - ^2,3) + «i (^1,2 + ^3,4) + 02(^1,4 + ^2,3) + 03(^1,3-^2,4) /or some 0, 
ai, a 2 , a 3 e M; 

3) W = eF hS + /F 2 , 4 /or some e ^ and f £ K. 

Proof. Let iy = X + F + Z, where X = 6Fi, 5 e pi, Y = c(F M - F 2>3 ), and Z = 
6i(Fi,2 + F 3 , 4 ) + 62(^1,4 + F 2i3 ) + 63^1^ + 64^2,4. Since W is geodesic vector, then from 
Proposition [21] we have 

[Z,Y}=0, [X,Y] = —^[X,Z]. 

x 2 — Xl 

Direct calculations show that 

[Z, Y] = c{b 3 + 6 4 )(Fi,2 - F 3)4 ), [X, Y] = 6cF 4 , 5 , [X, Z] = b(hF 2 , 5 + b 3 F 3>5 + b 2 F 4 . 5 ). 

If b ^ and c j= 0, then 61 = 63 = 6 4 = Q and b 2 = ^ff^c. 

If b = and c ^ 0, then 64 = -63. 

If ^ and c = 0, then we have 61 = b 2 = 63 = 0. 

The proposition is proved. ■ 

Proposition 42. TVie Riemannian manifold (SO(5)/U(2), fi) is SO(5) — b -homogeneous if 
and only if for every b ^ and every c ^ t/ie vector 

/ b \ 



^f^c 
22L ^ 2 -c 6 00 

-^c "(j 



, „ x 2 „ x 2 — 2xi „ 
oFi, 5 + — cFi.4 + — -cF 2 

a?i xi 



V -b / 

is S-vector on (SO(5)/U(2), n). 

Proof. If (SO(b)/U(2),n) is 50(5) — (5-homogeneous, then for every vector of the form 
V = X + Y, where X = bF 1>5 £ pi, Y = c(F M - F 2 , 3 ) G p 2 , b ^ 0, c 7^ 0, there is Z G f) such 
that the vector W = X + Y + Z is (5- vector. In particular, W is geodesic vector. According 
to Proposition 32 we get that 

W = bF x 5 + ^cFi 4 + X2 ~ 2xl cF 2 3 . 
xi xi 

Therefore, this W is a (5-vector. 

Let us suppose now that all vectors of the form 

W = bF 15 + ^cF x 4 + X2 ~ 2xl cF 2 3 , 

Xl Xl 
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where 6^0 and c ^ 0, are (5-vectors. Since the limit of any sequence of (5-vectors is a 
(5-vector itself, we get that the vectors W as above are 5-vectors for b = or c = also. 

Therefore, for any vector X + Y £ q there is Z £ \) such that the vector X + Y + Z is 
(5-vector. Using Proposition QUI we get that (SO(5)/U(2), fx) is 50(5) — (^-homogeneous in 
this case. ■ 

Lemma 9. For every b, c, x±,x 2 £ K with the properties 

by^Q, xij^O, 2x\ > X2, 
the following inequality is fulfilled: 

\\c\(2x! - x 2 ) + \jb 2 x\ + c 2 x 2 ^j x 2 < 2x 2 1 (x 1 b 2 + 2x 2 c 2 ). 

Proof. It is enough to consider the case x 2 > 0. In this case we have the following chain 
of equivalent inequalities. 

(c 2 (2x! - x 2 ) 2 + b 2 x\ + c 2 x\ + 2\c\(2 Xl - x 2 )^b 2 x\ + c 2 x^ x 2 < 2x\b 2 + Ax\x 2 c 2 \ 

2\c\(2x\ - x 2 )\jb 2 x\ + c 2 x\x 2 < 2x\b 2 + \x\x 2 c 2 - c 2 (2xi - x 2 ) 2 x 2 - b 2 x\x 2 - c 2 x\ = 

{2x\ — x 2 )x\b 2 + 2x\(2x\ — x 2 )c 2 ; 
2\c\^b 2 x\ + c 2 x\x 2 < x\b 2 + 2x\c 2 - 1 
Ae 2 {b 2 x\ + e 2 xl)xl = Ax\x 2 2 b 2 c 2 + 4.x 4 c 4 < x\b A + ix 2 xjb 2 c 2 + 4^c 4 = [x\b 2 + 2x\c 2 ) 2 . 

■ 

Proposition 43. If 2x\ > x 2 > x\, then the Riemannian manifold (SO(5)/U(2), fi) is 
50(5) — S -homogeneous. 

Proof. We may assume by continuity, that x\ < x 2 < 2x\. 

According to Proposition \A2\ we only need to prove that every vector of the form 

x 2 Xi — 2xi 
W = bF 15 + —cF 1A + — -cF 2 , 3 , 

Xi Xl 

where b ^ and c 7^ 0, is (5-vector on (SO(5)/U(2), n). 

Let us consider the orbit 0(W) of W under the action of Ad(G) = Ad(50(5)). Since 
0(W) is compact, there is W £ 0(W) such that 

(W\ P ,W\ P )>(V\ P ,V\ P ) 

for every V £ 0(W). 

Therefore, W is a (5-vector. According to Proposition [40] we may assume, that W\p £ q. 
Now it is sufficient to show that 

(W\ P ,W\ P ) < (W\ P ,W\ P ) 

We shall use the following idea. Since W £ 0(W), then the matrices — W 2 and — W 2 has 
one and the same set of eigenvalues. The eigenvalues of — W 2 are the following: 

c 2 (2x 1 -x 2 ) 2 b 2 x\+c 2 xl 
He 2 1 "x 2 ' 

where two last eigenvalues are of multiplicity 2. Since x 2 > x±, we obviously get 

b 2 x\ + (?x\ > c 2 (2xi - x 2 ) 2 . 

Note also that {W\ p , W\ p ) = x x b 2 + 2x 2 c 2 . 

Since W is geodesic vector and W\ p £ q, then by Proposition [U we have one of the 
following possibilities: 

1)W = 6F 1>5 + SLZF 1A + '^^-cF 2 , z for some b ? 0, c ^ 0; 
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2) W = d(F 1A - F 2 , 3 ) + ai(F h2 + F 3A ) + a 2 (F M + F 2:3 ) + 03(^1,3 - F 2A ) for some d ^ 0, 

011,02^3 e R; 

3) W = eFi tS + fF 2 ,i for some e ^ and / G R. 
Let us consider these cases separately. 

Case 1). Eigenvalues of —W 2 in this case are the following: 

c 2 (2x 1 - x 2 ) 2 b 2 x\+'c 2 x\ 

x 2 1 x 2 ' 

where two last eigenvalues are of multiplicity 2. Since b 2 x\ + l?x\ > c 2 {2xi — x 2 ) 2 (remind 
that x 2 > xi) and W £ 0(W), we get that 

b 2 x\ + c^xj = b 2 x\ + c 2 xl, c 2 (2x 1 - x 2 f = c 2 (2xi - x 2 ) 2 , 

which implies c 2 —1? and b 2 = b 2 (since 2xi > x 2 ). Therefore 

(W\ 9t W\p) =x 1 b 2 + 2x 2 c 2 = xib 2 + 2x 2 c 2 = (W\ P ,W\ P ). 

Case 2). In this case the eigenvalues of —W 2 are the following: 

0, d 2 + a\ + aj + a% - 2\jd 2 (a\ + a?, + of), d 2 + a\ + a\ + aj + 2^d 2 (aj + a\ + o|), 

where two last eigenvalues are of multiplicity 2. 
Since W <E 0(W), we obtain 

(\d\-\s\) 2 = d 2 +s 2 -2Vd^ = c 2 (2x 1 -x 2 ) 2 (|d| + |s|)2 = d 2 +s 2 +2v q^ = b 2 xi+ c 2 x 2 ^ 

xf x\ 

where s 2 = a 2 + a 2 , + a 2 . We get from these equations 



2\d\ = (\d\- \s\) + (\d\ + \s\) < w^elz^) + VM+M . 

Xl Xl 

Using Lemma O we get 



4d 2 x 2 x 2 < Mc| (2xi ~x 2 ) + ^ b 2 x\ + c 2 x\j x 2 < 2x\{xib 2 + 2x 2 c 2 ). 

Therefore 

(W\,,W\ P ) = 2x 2 d 2 <xib 2 + 2x 2 c 2 = (W\ P ,W\ P ). 
Case 3). In this case the eigenvalues of —W 2 are the following: 



Therefore 



0, e 2 ,e 2 ,/ 2 ,/ 2 . 



2 c 2 (2xi — x 2 ) 2 2 b 2 x\ + c 2 x\ 

G- 1-1 or G- Q ■ 



Since 2xi > X2 > xi, we get 



,2^0 2 ^ b 2 xj + c 2 x 2 2 c 2 (2xi-x 2 ) 2 
x\b + 2x 2 c > > 



Xl Xl 

which implies X1& 2 + 2x2c 2 > xie 2 . Therefore 

(W\p,W\ p ) = xie 2 <xi6 2 + 2x 2 c 2 = (W\ P ,W\ P ). 

The above considerations prove that W is a 5- vector on (SO(5)/U(2), fi). This proves 
the proposition. ■ 

Theorem 30. The Riemannian manifold (SO(5)/U(2), fi = (J, Xl , X2 ) * s S -homogeneous if 
and only if xi < x 2 < 2xi. For x 2 = Xi it is SO(5)-normal homogeneous; for x 2 — 2xi it is 
SO(6)-normal homogeneous; for x 2 € (xi,2xi) it is not normal homogeneous with respect 
to any its isometry group, but SO(5) -S -homogeneous. 
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Proof. If (50(5)/f7(2), \i = fi Xl:X2 ) is ^-homogeneous, then it is 50(6)-5-homogeneous or 
S'0(5)-(S-homogeneous, see Theorem [23l In the first case it is S'0(6)-homogeneous. Then by 
Example we have X2 = 2x%. In the second case, by Proposition 1331 we get X\ < x 2 < 2xi. 
On the other hand, for x 2 = £1 and for X2 = 2xi the metric [i is S f O(5)-normal homogeneous 
and S'0(6)-normal homogeneous respectively (see Example[H]). From Proposition |4"31 we get 
that the Riemannian manifold (SO(5)/U(2), //) is <5- homogeneous for 2xi > X2 > x±. The 
theorem is proved. ■ 

Remark 16. According to Theorem [25j the metrics in Theorem [30] with the condition 
X2 S (xi,2xa) are not naturally reductive (with respect to any isometry group) in spite of 
the fact that they are ^-homogeneous. 

Remark 17. It follows from 45] that the Riemannian manifolds in Theorem[3nihave positive 
sectional curvatures and their (exact) pinch constant is e = (jjr) 2 - This means that if we 
scale them so that their maximal sectional curvature will be 1, then minimal sectional 
curvature will be s. 
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